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Abstract
Cardiac arrhythmias are serious life-threatening episodes affecting both the
aging population and younger patients with pre-existing heart conditions.
One of the most effective therapeutic procedures is the minimally-invasive
catheter-driven endovascular electrophysiology study, whereby electrical po-
tentials and activation patterns in the affected cardiac chambers are mea-
sured and subsequent ablation of arrhythmogenic tissue is performed. De-
spite emerging technologies such as electroanatomical mapping and remote
intraoperative navigation systems for improved catheter manipulation and
stability, successful ablation of arrhythmias is still highly-dependent on the
operator’s skills and experience. This thesis proposes a framework towards
standardisation in the electroanatomical mapping and ablation planning by
merging knowledge transfer from previous cases and patient-specific data.
In particular, contributions towards four different procedural aspects were
made: optimal electroanatomical mapping, arrhythmia path computation,
catheter tip stability analysis, and ablation simulation and optimisation.
In order to improve the intraoperative electroanatomical map, anatomical
areas of high mapping interest were proposed, as learned from previous
electrophysiology studies. Subsequently, the arrhythmic wave propagation
on the endocardial surface and potential ablation points were computed.
The ablation planning is further enhanced, firstly by the analysis of the
catheter tip stability and the probability of slippage at sparse locations on
the endocardium and, secondly, by the simulation of the ablation result
from the computation of convolutional matrices which model mathemati-
cally the ablation process. The methods proposed by this thesis were val-
idated on data from patients with complex congenital heart disease, who
present unusual cardiac anatomy and consequently atypical arrhythmias.
The proposed methods also build a generic framework for computer guid-
ance of electrophysiology, with results showing complementary information
that can be easily integrated into the clinical workflow.
3
Acknowledgements
Five years ago I joined the Hamlyn Centre with the dream that one day
I would be writing the Acknowledgement chapter of my PhD thesis. Back
then I thought it was going to be only a short section, but the long road that
took me to the end of my postgraduate studies was paved by many encoun-
ters with people that added value to my research, expanded my knowledge,
and shaped me into the independently-working creative scientist that I am
today.
To begin with, I would like to acknowledge my funding body, the Institute
of Global Health Innovation, for the generous studentship that waived the
financial issue and helped me focus on delivering a good research output.
The two most important people that inspired me and supported me
throughout my PhD were my two supervisors, Professor Guang-Zhong Yang
and Dr Su-Lin Lee.
Firstly, I would like to express my gratitude to Professor Yang for offering
me the opportunity to be a part of the highly-competitve and innovative
Hamlyn Centre and providing me with methodological and strategical ad-
vice in tackling each of the challenges throughout my PhD. However, I am
mostly grateful to him for teaching me how to think independently, to work
in a focused and structured manner while not losing the bigger picture, and
finally how to critically analyse the feasibility and relevance of my research
and that of others.
Secondly, I am especially grateful for having had Dr Su-Lin Lee as my
second supervisor. I would like to thank her for the time invested in brain-
storming research ideas and supporting my creativeness with methodological
guidance. Moreover, I will forever cherish the many sessions of academic and
personal counseling throughout the years, which have truly brightened my
PhD and given me motivation in difficult times, especially before deadlines.
At this stage, I would like to acknowledge my clinical collaborator on
this PhD thesis, Dr Sabine Ernst from the Royal Brompton Hospital, who
4
kindly provided all the patient data, of great value for the validation and
clinical relevance of all proposed methods. Furthermore, I would like to
thank her for the meetings and discussions that spurred the novel ideas de-
veloped in this thesis, especially for introducing me to the fundamental and
complex concepts of cardiology and for embracing the limitless development
opportunities within computer guidance for electrophysiology procedures.
Throughout the individual chapters, I had the pleasure of working with
many talented engineers and scientist. I would like to thank Professor Danilo
Mandic from the Communications and Signal Processing group at the De-
partment of Electrical and Electronic Engineering, and his student Apit
Hemakom, for their invaluable contribution towards a novel catheter tip
motion decomposition algorithm, presented in Chapter 5.
As much as the Hamlyn Centre is a competitive institution in the re-
search community, I discovered a team and a group of friends within. I
would like to thank Dr Petros Giataganas for his assistance with printing a
3D heart phantom for my experiments, Dr Carlo Seneci, Konrad Leibrandt,
Piyamate Wisanuvej and Maria Grammatikopoulou for lending their hard-
ware and software in the heart phantom motion experiments, as well as Dr
Daniele Ravi and Dr Zhiqiang Zhang for answering machine learning-related
questions on numerous occasions.
To the above mentioned and all members of the Hamlyn Centre, to my
office colleagues, to my fellow PhD students that I share memories with, I
want to thank for brightening and enhancing my postgraduate experience
on the social side. I would also like to mention here Dr Amani El-Kholy,
who provided the administrative support on behalf of the Department of
Computing and organised the PhD events that I participated in.
Finally, I would like to express my sincere appreciation and gratitude the
people who encouraged me to pursue a PhD in the first place and who sup-
ported me throughout, motivating me in difficult times, occasionally giving
technical advice, and, most importantly, inspiring me with their engineering
careers – my parents, my sister, and my husband.
5
6
List of Acronyms
APIT-MEMD Adaptive-Projection Intrinsically Transformed MEMD
CHD congenital heart disease
CS coronary sinus
DBN Dynamic Bayesian Network
DOF degree of freedom
DT-MRI diffusion tensor magnetic resonance imaging
EAM electroanatomical mapping
ECG electrocardiogram
ECGI electrocardiographic imaging
FAM fast anatomical map(-ping)
HMM Hidden Markov Model
ICA Independent Component Analysis
IMF intrinsic mode function(s)
LA left atrium
LAO left anterior oblique
LAT local activation time
LGE late gadolinium enhancement
MDL Minimal Description Length
(M)EMD (Multivariate) Empirical Mode Decomposition
MICCAI Medical Image Computing and Computer-Assisted Interventions
MR(I) magnetic resonance (imaging/images)
MVNR multivariate nonlinear regression
NA-MEMD Noise-Assisted MEMD
(NL)PCA (Nonlinear) Principal Component Analysis
PV pulmonary veins
RA right atrium
RF radiofrequency
RV right ventricle
RUSBoost random undersampling boosting algorithm
STACOM Statistical Atlases and Computational Models of the Heart
SVM Support Vector Machine
TCPC total cavo-pulmonary connection
7
Contents
1. Introduction 24
1.1. Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.2. Research Objectives . . . . . . . . . . . . . . . . . . . . . . . 30
1.3. Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . 31
1.4. Original Contributions . . . . . . . . . . . . . . . . . . . . . . 33
1.5. Publications of the Titled Author in this Thesis . . . . . . . . 35
2. Clinical and Technical Challenges in Electrophysiology 37
2.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.2. Introduction to Electrophysiology . . . . . . . . . . . . . . . . 38
2.2.1. Cardiac Action Potentials . . . . . . . . . . . . . . . . 38
2.2.2. Electromechanical Modelling . . . . . . . . . . . . . . 41
2.3. Electrical Activation Reconstruction . . . . . . . . . . . . . . 42
2.3.1. Electroanatomical Mapping . . . . . . . . . . . . . . . 42
2.3.2. Electrocardiographic Imaging (ECGI) . . . . . . . . . 46
2.4. Cardiac Catheter Ablation . . . . . . . . . . . . . . . . . . . . 48
2.4.1. Technological Overview . . . . . . . . . . . . . . . . . 48
2.4.2. Ablation Strategies . . . . . . . . . . . . . . . . . . . . 50
2.4.3. Remote Magnetic Navigation and Ablation . . . . . . 51
2.5. Cardiac Shape Analysis . . . . . . . . . . . . . . . . . . . . . 55
2.5.1. 3D Image Registration . . . . . . . . . . . . . . . . . . 56
2.5.2. Statistical Shape and Texture Models . . . . . . . . . 57
2.6. Catheter Tip Stability Analysis . . . . . . . . . . . . . . . . . 59
2.6.1. Multi-Source Motion Decoupling . . . . . . . . . . . . 59
2.6.2. Motion Tracking and Compensation . . . . . . . . . . 64
2.7. Ablation Modelling . . . . . . . . . . . . . . . . . . . . . . . . 66
2.8. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3. Optimal Pre-Ablation Electroanatomical Mapping 70
3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
8
3.2. Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.3. Data Acquisition . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.4. Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.4.1. Statistical Models . . . . . . . . . . . . . . . . . . . . 75
3.4.2. Training Set Enlargement . . . . . . . . . . . . . . . . 76
3.4.3. Classification . . . . . . . . . . . . . . . . . . . . . . . 79
3.4.4. Iterative Addition of Mapping Points . . . . . . . . . . 80
3.5. Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
3.5.1. Statistical Models . . . . . . . . . . . . . . . . . . . . 80
3.5.2. Training Set Enlargement . . . . . . . . . . . . . . . . 82
3.5.3. Classification . . . . . . . . . . . . . . . . . . . . . . . 86
3.5.4. Iterative Addition of Mapping Points . . . . . . . . . . 86
3.6. Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . 86
4. Macro-Reentrant Tachycardia Circuit Reconstruction 91
4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
4.2. Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
4.3. Data Acquisition . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.4. Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
4.4.1. Macro-Reentrant Circuit Reconstruction . . . . . . . . 94
4.4.2. Tachycardia Termination Point Detection . . . . . . . 95
4.4.3. Subsampling of Electroanatomical Maps . . . . . . . . 96
4.5. Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
4.5.1. Macro-Reentrant Circuit Reconstruction . . . . . . . . 102
4.5.2. Tachycardia Termination Point Detection . . . . . . . 104
4.5.3. Performance on Subsampled Electroanatomical Maps 105
4.6. Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . 105
5. Endocardial Catheter Tip Stability Analysis 112
5.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5.2. Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
5.3. Data Acquisition . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.3.1. Simulation Data . . . . . . . . . . . . . . . . . . . . . 116
5.3.2. Phantom Data . . . . . . . . . . . . . . . . . . . . . . 117
5.3.3. Patient Data . . . . . . . . . . . . . . . . . . . . . . . 119
9
5.4. Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
5.4.1. Catheter Tip Motion Decomposition . . . . . . . . . . 121
5.4.2. Extraction of Cardiac, Respiratory and Slippage Com-
ponents . . . . . . . . . . . . . . . . . . . . . . . . . . 125
5.4.3. Probabilistic Slippage Prediction . . . . . . . . . . . . 125
5.4.4. Catheter Tip Motion Estimation . . . . . . . . . . . . 127
5.5. Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
5.5.1. Catheter Tip Motion Decomposition and Signal Ex-
traction . . . . . . . . . . . . . . . . . . . . . . . . . . 127
5.5.2. Probabilistic Slippage Prediction and Catheter Tip
Motion Estimation . . . . . . . . . . . . . . . . . . . . 135
5.6. Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . 136
6. Ablation Modelling 142
6.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
6.2. Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
6.3. Data Acquisition . . . . . . . . . . . . . . . . . . . . . . . . . 147
6.4. Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
6.4.1. Data Preprocessing . . . . . . . . . . . . . . . . . . . . 147
6.4.2. Pre- and Post-Ablation Mapping . . . . . . . . . . . . 148
6.4.3. Global Electroanatomical Alignment . . . . . . . . . . 149
6.4.4. Ablation Mask Decomposition . . . . . . . . . . . . . 151
6.4.5. Optimal Ablation Sequence . . . . . . . . . . . . . . . 153
6.5. Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
6.5.1. Data Preprocessing . . . . . . . . . . . . . . . . . . . . 158
6.5.2. Pre- and Post-Ablation Mapping . . . . . . . . . . . . 158
6.5.3. Cross-Validation for a Known Sequence of Ablation
Points . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
6.5.4. Optimal Ablation Sequence for a Known Output . . . 160
6.6. Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . 162
7. Future Research Directions and Conclusions 168
7.1. Achievements and Contributions . . . . . . . . . . . . . . . . 168
7.2. Future Research Directions . . . . . . . . . . . . . . . . . . . 171
7.3. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
A. Appendices 176
10
Appendices 176
I. Image Re-use Permissions . . . . . . . . . . . . . . . . . . . . 176
I.1. Springer Images . . . . . . . . . . . . . . . . . . . . . 176
I.2. John Wiley and Sons Images . . . . . . . . . . . . . . 176
I.3. Oxford University Press Images . . . . . . . . . . . . . 176
I.4. Wolters Kluwer Health (Circulation) Images . . . . . . 177
Bibliography 178
11
List of Tables
3.1. SEAM modes of variation for each anatomy, with variations
of two standard deviations from the mean electroanatomy,
and frequency of vertices selection as mapping points across
the entire database. The mesh orientation is given by the
superior-inferior axis (red), left-right axis (black), and anterior-
posterior axis (green). 1 – RV outflow tract, 2 – interatrial
wall. c©[2017]Springer[1] . . . . . . . . . . . . . . . . . . . . . 83
3.2. SEAM instantiation errors. The mesh orientation is given
by the superior-inferior axis (red), left-right axis (black), and
anterior-posterior axis (green). . . . . . . . . . . . . . . . . . 84
3.3. Enlargement of training set for the SEAM, example of 6 RV
regions, with enlargement of 3 standard deviations about the
mean. The lower mode (-3σ) is in yellow and the upper mode
(+3σ) is in blue. The electrical maps show results for the
LAT training set enlargement. The mesh orientation is given
by the superior-inferior axis (red), left-right axis (black), and
anterior-posterior axis (green). . . . . . . . . . . . . . . . . . 85
3.4. SEAM modes of variation for each anatomy after training set
enlargement, with variations of two standard deviations from
the mean electroanatomy. The mesh orientation is given by
the superior-inferior axis (red), left-right axis (black), and
anterior-posterior axis (green). . . . . . . . . . . . . . . . . . 87
3.5. SEAM instantiation errors after training set enlargement.
The mesh orientation is given by the superior-inferior axis
(red), left-right axis (black), and anterior-posterior axis (green). 88
3.6. caption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
12
4.1. Distance of computed propagation path from true path points
marked in CARTO R©; characteristics of the tachycardia ter-
mination point classifier and distance of the point with the
highest computed probability of termination from actual CARTO R©
ablation points. c©[2015]Springer[2] . . . . . . . . . . . . . . . 104
4.2. Sequence of propagation path reconstruction and termination
point detection for the RA in Fig. 4.3 (upper table) and
average over all cases (lower table). The mapping points are
added in decreasing order of their k-mean cluster centroid’s
marginal information value. A – accuracy [%], Sp – specificity
[%], Se – sensitivity [%], d – mean ablation points distance
to the ground-truth CARTO R© points [mm], D – mean path
distance to the CARTO R© points, assumed on the ground-
truth path [mm]. c©[2015]Springer[2] . . . . . . . . . . . . . . 106
5.1. Comparison of cardiac and respiratory motion recovery er-
rors as well as correlation coefficients between recovered and
ground-truth slippage for APIT-MEMD, bandpass filtering,
PCA, and ICA applied on the phantom and simulated data.
N/A – not available. . . . . . . . . . . . . . . . . . . . . . . . 129
5.2. Colour-coded probability maps of local slippage for CHD
cases: RV, RA, LA, and TCPC. The maximal slippage at
each mapping point is depicted as an ellipsoid with axis lengths
corresponding to the Cartesian slippage components. The
orientation of the surfaces is given by the left-right axis (black),
superior-inferior axis (red), anterior-posterior axis (green). . . 137
6.1. Accuracy reduction due to the mapping of the pre- and post-
ablation FAMs through a rank-3 matrix: Qpost = QpreΦ.
Line 1: Φ = Q+preQpost, with Q
+
pre = (Q
T
preQpre)
−1QTpre the
Moore-Penrose pseudoinverse of Qpre; Line 2: Φˆ = ΨRˆ; Line
3: Φˆopt = ΨˆRˆ. . . . . . . . . . . . . . . . . . . . . . . . . . . 159
13
6.2. Cross-validation results for estimating the post-ablation FAM
from the known pre-ablation FAM and the known ablation
points, according to Eq. (6.10). Line 1: estimation of both
Mi and Rˆ. Line 2: estimation of Mi only. Line 3: estimation
of Rˆ only. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
6.3. Estimation of post-ablation FAM from a known sequence of
ablation points. LAT maps in RA and LA [ms]. The anatomy
meshes are colour-coded: blue – MRI, red – FAM. The ori-
entation is given by the superior-inferior axis (red), left-right
axis (black), anterior-posterior axis (green). . . . . . . . . . . 162
6.4. Estimation errors of the simulated post-ablation FAM for dif-
ferent sequences of ablation points. Line 1: ablation chain of
ground truth points. Line 2: ablation list from binary opti-
misation. Line 3: ablation list from binary optimisation with
added HMM sequence. . . . . . . . . . . . . . . . . . . . . . . 163
6.5. Average number of ablation points proposed with the binary
optimisation (column 2) and binary optimisation with added
HMM sequencing (column 3) compared to the number of
ground truth points (column 1). . . . . . . . . . . . . . . . . . 163
6.6. Computation of the optimal ablation sequence from a de-
sired output, with LAT maps in RA and LA [ms]. The
post-ablation FAMs are ground truth. The ablation points
are colour-coded as follows: red – ground truth, black – bi-
nary optimisation, blue – binary optimisation combined with
HMM. The orientation of the FAMs is given by the superior-
inferior axis (red), left-right axis (black), anterior-posterior
axis (green). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
6.7. Sequencing of the proposed ablation points as computed with
the binary optimisation algorithm combined with HMM. LAT
maps [ms] resulting for an RA and an LA, compared to the
simple chronological sequence as in the retrospective list of
ground-truth ablation points. The post-ablation FAMs are
ground truth. The orientation of the FAMs is given by the
superior-inferior axis (red), left-right axis (black), anterior-
posterior axis (green). . . . . . . . . . . . . . . . . . . . . . . 165
14
List of Figures
1.1. Plot of the local activation times (LAT) – subplot (a) and of
the bipolar and unipolar voltages, subplots (b) and (c), re-
spectively, on the intraoperative anatomical mesh of a right
atrium (RA). The action potential travels from the red ar-
eas of LAT to the purple areas. This is shown sequentially
in subplot (d). Impulses travel along the fibres, therefore
perpendicular to the geodesics [3]. . . . . . . . . . . . . . . . 28
1.2. The cardiac chambers (RA – right atrium, RV – right ventri-
cle, LA – left atrium, LV – left ventricle) with the catheter
placed in the RV. Absolute catheter tip motion can be as
high as 12 mm. The red catheter shapes indicate the motion
range and the green curve is the trajectory of the ablation
catheter tip. c©[2014]Springer[4] . . . . . . . . . . . . . . . . 29
2.1. (a) The natural cardiac stimulation originates from the sinus
node in the top left corner of the right atrium and propagates
diagonally down to the His bundle at the bottom right of the
right atrium. The Purkinje fibres which create the conduction
network in the myocardium spread the activation wave down
to the apex of the ventricles and close again at the atria.
(b) Misalignment between the preoperative endocardial MRI
(bigger meshes, lighter colour) and the intraoperative EAM
(smaler meshes, darker colour) on the right atrium and right
ventricle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
15
2.2. Placement of the reference catheters (cyan and yellow, the
yellow one in the CS) for a ventricular tachycardia ablation.
The Map ablation catheter (green) is in the RV. Catheter
tips are marked with black. The sequence of images shows the
sparse collection of electrical data at five different anatomical
locations. This is shown by the different placement of the
Map catheter, while the reference catheters are kept at the
same positions. . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.3. (a) Lateral view of the reference and recording catheters, His
bundle and coronary sinus (CS), and of the mapping and ab-
lation catheter, Map, positioned for LA ablation. c©[2002]Circulation[5].
(b) Positioning of the Map catheter (red) and the reference
catheters (CS – green) for RA mapping as recorded in CARTO R©
and in the aligned preoperative MRI. . . . . . . . . . . . . . . 44
2.4. (a) Anatomical map of the RA registered on intraoperative
X-ray fluoroscopy. (b) Activation map of the RA in LAO
45-degree view. c©[2009]Wiley[6] . . . . . . . . . . . . . . . . 45
2.5. Electrocardiographic imaging (ECGI) – electrical activation
reconstruction workflow. The acquisition follows two simu-
lataneous paths: on the one hand, the heart-torso anatomy
and geometry is obtained, and on the other hand 250 electro-
grams are sampled at 1 ms and mapped onto the torso geom-
etry, resulting into body surface potentials. The specialised
ECGI software solves the ill-posed problem of determining
the epicardial electrical activation. c©[2013]Circulation[7] . . 46
2.6. Niobe R© remote navigation system for cardiac catheter abla-
tion. c©[2006]Wiley[8] . . . . . . . . . . . . . . . . . . . . . . 52
2.7. Screenshot of the remote magnetic navigation system Stereo-
taxis Niobe R© from the operator side. The 3D EAM was
integrated with fluoroscopy in RAO 30◦ (left) and LAO 40◦
(right). The yellow and green arrows show the orientation of
the magnetic field. White dots mark the pulmonary vein os-
tia and red dots tag the ablation lesions. The white lines are
designed isolation lines for the pulmonary veins. Lasso R©: cir-
cular mapping catheter in the pulmonary vein. c©[2008]OUP[9] 53
16
2.8. Aeon Phocus remote navigation system for cardiac catheter
ablation. c©[2017]OUP[10] . . . . . . . . . . . . . . . . . . . . 53
3.1. Workflow of the proposed methods for optimal pre-ablation
EAM, combining statistical atlas modelling, followed by shape
instantiation of a new subject and iterative update of the
electrical activation values based on the shape and proposed
mapping points at each iteration. . . . . . . . . . . . . . . . . 71
3.2. Clustering of vertices according to anatomical k-means for
the training set enlargement in each of the anatomies. Dif-
ferent colours represent different clusters. The mesh orienta-
tion is given by the superior-inferior axis (red), left-right axis
(black), and anterior-posterior axis (green). . . . . . . . . . . 82
3.3. Iterative addition of mapping points for a RV. Comparison
of proposed combined SEAM-classification method with the
chronological addition of mapping points as exported from
CARTO R©. The electroanatomical maps show electrical prop-
agation in terms of LAT. The ground truth is the CARTO R©-
exported LAT map. c©[2017]Springer[1] . . . . . . . . . . . . 89
4.1. (a) The EAM software interpolates a thin artificial strip of
activation opposite to the true circulation of the tachycardia.
(b) The EAMs represent only a part of the targeted chamber.
For example in a right ventricle in CHD, the interventionist
rarely maps the apex. The red mesh is the intraoperative
FAM, while the blue mesh is the preoperative MRI surface. . 95
4.2. Algorithm for electrical data interpolation at a sparse loca-
tion (green point) from the electrical values of neighbouring
points (red), as implemented in CARTO R©. . . . . . . . . . . 99
4.3. Tachycardia propagation path for RV, RA, and LA. Lower
panels show probability of tachycardia termination when points
along the path are ablated and the distance of the computed
termination points from the closest ground-truth ablation.
AP – antero-posterior axis, LR – left-right axis, SI – supero-
inferior axis. c©[2015]Springer[2] . . . . . . . . . . . . . . . . 103
17
4.4. Example of clustering in an RV. The mesh orientation is given
by the superior-inferior axis (red), left-right axis (black), and
anterior-posterior axis (green). (a) Spatial k-means cluster-
ing. (b) Marginal information of the mapping points com-
puted as in Eq. 4.4. The average value is plotted on the
cluster centroid. (c) Decrease of marginal information of the
clusters, on which the greedy selection for the iterative addi-
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5.1. Catheter tip stability is a major concern in radiofrequency ab-
lation of cardiac arrhythmias. Both cardiac and respiratory
motion can cause catheter tip movement. In this chapter, we
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tip slippage along the endocardium. A novel multivariate
approach to Empirical Mode Decompositions (EMD) is used
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5.2. (a) Surface model of the 3D-printed heart phantom. The blue
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(d) Pump connections and catheter insertion for RA experi-
ments. (e) Pump connections and catheter insertion for RV
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heart phantom. The first 70 s are taken under cardiac and
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trend by which the onset of slippage was detected. . . . . . . 119
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tangential tip motion vector (red), and the catheter tip tra-
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k. The values are also followed in subsequent time stamps as
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tion; (b,d) – respiration. The decomposition accuracy wors-
ened with increasing respiratory rate, due to overlaps with the
cardiac spectrum. For respiratory rates under 20 breaths/min,
the respiratory component was mistaken for the linear slip-
page due to insufficient oscillations in the 2.5 s simulation
window. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
19
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5.9. APIT-MEMD decomposition results for five points in an RV
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5.10. (a) Histogram of heart rate errors over all 555 mapping points.
For 59.0 % of all points, the error was under 10 %, for 80.5 %
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5.11. Catheter tip slippage validation: (a) Histogram of coefficient
values for the correlation of the decomposed 3D slippage with
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0.9 threshold showed a strong correlation for more than half
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– 10 % threshold, green – 20 %, red – 25 %. The histogram
in (a) is the detailed visualisation for 5 noise channels. (c)
Example of 3D slippage curves (blue) and corresponding force
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5.12. Maximal slippage amplitudes in 2.5 s-long signals in ventricu-
lar (red) vs. atrial (blue) studies. According to clinical liter-
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for generating the local probabilities in the DBN of each map-
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5.14. Integration of the proposed methods into the clinical work-
flow of cardiac catheter ablation. Electrical activation and
anatomy reconstruction are already performed simultaneously
in all clinically used EAM systems. The information is gath-
ered from sparse mapping points, for which the catheter tip
position is also available. In this chapter, the EAM is en-
hanced with this third step of catheter stability analysis from
the tip motion data. The result is a slippage probability map,
which adds to the anatomical and electrical activation data to
aid the clinician in deciding the most stable ablation locations.140
6.1. The workflow of the key steps involved in the proposed method:
(a) Simulation: estimation of the post-ablation electrical val-
ues in the cardiac chamber from the known pre-ablation FAM
and chain of ablation points. (b): Optimisation: compu-
tation of optimal ablation locations from the known pre-
ablation FAM and desired post-ablation electrical values. . . 146
6.2. Computation of the ablation mask parameters for a new ver-
tex in a new ablation case. In the second decision box, the
threshold of 15 mm is a commonly used value in electrophys-
iological studies for the interpolation of CARTO maps from
sparse points. This is explained in subsection 4.4.3. . . . . . . 154
6.3. (a) Graphical representation of the ablation of N points,
starting from the pre-ablation FAM Qpre (initial state) to
the post-ablation FAM Qpost (final state). The states Qi, i =
1, N , are hidden, but the chosen ablation points Pi are ob-
served. (b) Lattice diagram for the HMM representation of
the ablation process in an RA (upper plot) and in an LA
(lower plot). In total, n states were simulated over n time
steps, with n = 175 in the RA and n = 137 in the LA, cor-
responding to the total number of ablation points over all
RAs and all LAs, respectively. For better visualisation only
5 RA and 4 LA ablation sequences were plotted, each shown
in different colour. . . . . . . . . . . . . . . . . . . . . . . . . 157
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1. Introduction
The heart is one of the most complex organs of the human body. The heart’s
function is realised in a characteristic electromechanical interplay of electri-
cal activation and mechanical contraction of the myocardium. The electrical
activation originates in the sinus node at the top of the right atrium in a
normal functioning heart, with the action potential travelling longitudinally
along the myocardial fibres and exciting first the upper chambers, i.e., atria,
and then the lower chambers, i.e., the ventricles. In a healthy heart, each
action potential of the sinus node translates one-to-one into a mechanical
contraction, whereby the sequence of contraction is the same as that of
electrical activation. Herein, the atria first fill the ventricles with blood and
then the ventricles pump the blood either into the body, as by the left ven-
tricle, or into the lungs for re-oxigenation, the task performed by the right
ventricle.
The sequential activation of the heart chambers can be monitored non-
invasively with electrocardiography (ECG), whose principles were first de-
scribed by Einthoven [20]. The ECG measures differences in electrical po-
tential between two neighbouring areas, one of which is excited and the
other not depolarised, i.e., not excited. These differences occur as the elec-
trical propagation wave traverses the heart. The potential differences are
measured in several directions, typically 12, whereby each measurement is
performed by a single lead. The 12-lead ECG is a standard diagnostic pro-
cedure for subjects suspected of cardiac malfunction. The clinical value of
ECG lies in its ability to give information about the heart rate, the electrical
activation origin and its propagation, i.e., time delays and direction of the
action potentials. It also gives insight into abnormal electrical activation
and propagation. One of the most frequent classes of abnormalities which
can be diagnosed on the ECG are arrhythmias, i.e., heart rhythm disorders,
and their subclass of tachycardias, meaning fast heart beating.
The first call for arrhythmia treatment is medication. However, there are
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many cases when medication does not offer long-term arrhythmia-free living.
Invasive surgical procedures are necessary in these cases. For example, atrial
fibrillation is treated, with a high rate of success, with the Maze procedure
[21], whereby the left atrium is cut into several segments, to transect the
abnormal conduction paths, and then resawn, with the surgical scars acting
as anatomical lines of block in the arrhythmia propagation path.
Over the years, minimally-invasive catheter ablation procedures have been
developed [22, 23]. As such, energy impulses, most commonly radiofre-
quency (RF) energy, are delivered to targeted locations on the endocardium
or epicardium. The catheter tip and the tissue in contact with it heat to
50◦C, thus inducing protein denaturation in cells and causing tissue scar-
ring which fulfills the same physiological purpose as the surgical scars in
the Maze procedures [24]. Catheter ablation can be performed either endo-
cardially, with access from the main vessels connected directly to the heart,
i.e., venae cavae into the right atrium being frequent choices, or epicardially,
whereby a puncture through the pericardium is needed in order to get access
to the myocardium.
Pre-operatively, the cardiologist employs different imaging modalities in
order to mentally recreate the patient’s electroanatomy. Firstly, the struc-
ture of the heart can be recovered from magnetic resonance imaging (MRI)
or computer tomography (CT), with detailed information about tissue in-
homogeneities, e.g. previous surgical or infarction scars, being visible in late
gadolinium enhancement (LGE-)MRI. Secondly, the ECG is used for pri-
mary diagnostic and guidance towards possible arrhythmogenic locations.
Once in contact with the myocardium, additional insight about the electrical
activation and conduction is gained from so-called pacing, i.e., short-term
stimulations of the cardiac tissue with the purpose of inducing tachycardia
or of measuring the position relative to an existing tachycardia cycle.
For many years, the main shortcoming of intra-operative guidance for car-
diac catheter ablation has been the poor imaging quality. Traditionally, the
ablation catheter location with respect to the target tissue was established
from two-dimensional fluoroscopic images. Since it is known that soft tissue
has low contrast in X-ray and in order to give 3D perspective to the image,
reference catheters were placed in adjacent locations in the heart, e.g. in
the coronary sinus (CS), whose location is known. However, the triangula-
tion and especially the catheter orientation is notoriously difficult to infer
25
from 2D images. Moreover, for more accurate reasoning, many X-rays with
high dose of radiation are needed, thus irradiating both the patient and the
interventionists.
Recently, attempts to improve intra-operative imaging and to reduce the
radiation dose in cardiac catheter ablation have been made. Firstly, elec-
troanatomical mapping (EAM) as a new imaging modality was invented.
The novel EAM collects simultaneously data about the cardiac shape and
the electrical potential values. Moreover, EAM systems are able to compute
in real time activation time differences across the reconstructed anatomy.
To be able to collect such data, specialised catheters with mapping and
ablation abilities have been developed. While the ablative components are
based on the original catheters, the new EAM systems required the catheter
tip to be trackable in three-dimensional (3D) space, to be able to collect
electrical information and to measure reliably the contact with the endocar-
dial wall. Companies such as Boston Scientific (Marlborough, MA, USA),
Medtronic (Minneapolis, MN, USA), and Biosense Webster (Diamond Bar,
CA, USA) are already market leaders in the instrumentation of this new
technology, while Biosense Webster and St Jude Medical (Saint Paul, MN,
USA) develop the EAM systems themselves, i.e., CARTO R© and EnSiteTM
VelocityTM, respectively. In order to be integrated into an EAM system, the
catheter tip contains an impedance sensor for electrical value measurements,
a force sensor, and a 3D position sensor which is tracked in an electromag-
netic field generated in the operating table. The EM field offers global
reference; however, for clinical purpose, additional patient-specific anatom-
ical reference is used by the clinician. Therefore, several other catheters are
used as reference, as in the traditional fluoroscopy-guided procedures, but
with EM markers to be tracked in the same reference frame.
EAM revolutionised intra-operative imaging for cardiac catheter ablation.
More recently, remote navigation and ablation systems were developed to
further reduce the exposure of the radiologist to radiation and to offer them
a more ergonomic alternative to the manipulation of the catheters from the
bedside. These systems use flexible catheters to enable the reachability of
difficult positions in the heart. The catheter tip is driven either magnetically
in a computer-controlled permanent magnetic or electromechanically from
a haptic console.
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1.1. Motivation
Despite the fast evolution of tools for RF catheter ablation, major difficulties
still hinder the outcome of cardiac catheter ablation, mainly by introducing
uncertainty in the choice of ablation strategy and location.
The primary concern is arguably the correct diagnosis, i.e., finding the
true source of the tachycardia. Firstly, an accurate EAM is the prerequisite
for such an analysis. Current systems such as CARTO R© and EnSiteTM
VelocityTM are able to reconstruct the electroanatomy with an error of
around 7 mm [25]. While this error is manageable by the cardiologist,
important insight can be gained by choosing to map anatomical areas of
interest, as learned from the choice of mapping points in previous EP stud-
ies. As such, the reconstruction error can be potentially minimised with
the statistical knowledge about true electroanatomical landmarks and with
patient-specific personalisation.
Secondly, the electrical information acquired in the mapping step is cur-
rently analysed by the clinician in a subjective manner, based on their ex-
perience and electrophysiological principles. State-of-the-art intraoperative
guidance systems such as CARTO R© interpolate electrical values recorded
at sparse locations of contact between mapping catheter tip and the en-
docardium, thus generating a map of electrical activation. Fig. 1.1 shows
currently available visualisation of the inner wall conduction, as provided
by CARTO R©, with tachycardia propagation waves. Despite the available
information, further guidance, e.g. for the description of conduction paths
where tachycardia propagates, is needed in complex electroanatomies.
One of the most serious complications in cardiac ablation is the lethal
perforation of the atrial wall and of the oesophagus [26]. In order to prevent
this, close monitoring of the contact force and the catheter tip movement
is needed. The correct assessment of the contact duration between the
catheter and the tissue is of particular interest in cardiac procedures because
of the continuous motion and of the complex contraction pattern of the
myocardium. The motion of the cardiac wall, as well as the blood flow
in the cardiac chambers near the vessel wall, can cause slippage of the
ablation catheter tip which can be over 12 mm in 2.5 s (Fig. 1.2). It is quite
frequent that ablation of the same site has to be performed repeatedly due to
uncertainty of mechanical contact and suboptimal result of energy delivery
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Figure 1.1.: Plot of the local activation times (LAT) – subplot (a) and of
the bipolar and unipolar voltages, subplots (b) and (c), respec-
tively, on the intraoperative anatomical mesh of a right atrium
(RA). The action potential travels from the red areas of LAT
to the purple areas. This is shown sequentially in subplot (d).
Impulses travel along the fibres, therefore perpendicular to the
geodesics [3].
[27]. Moreover, the catheter tip could come in contact with an undesired
patch of tissue and additional damage can be caused to the cardiac muscle.
On the instrumentation side, an alternative to the conventionally used
rigid catheter, which might perforate the cardiac wall and the vessels, is
the soft catheter steered robotically in a magnetic field. However, magnetic
navigation is not a common clinical practice and most procedures are still
performed manually. A possible guidance during such cases can be pre-
ablation assessment of regions of high-stability or of high-amplitude motion.
The ablation step itself lacks in prospective planning, i.e., where to ab-
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Figure 1.2.: The cardiac chambers (RA – right atrium, RV – right ventri-
cle, LA – left atrium, LV – left ventricle) with the catheter
placed in the RV. Absolute catheter tip motion can be as high
as 12 mm. The red catheter shapes indicate the motion range
and the green curve is the trajectory of the ablation catheter
tip. c©[2014]Springer[4]
late in order to achieve tachycardia-free electrical activation, as well as in
cross-patient knowledge transfer. The acute result of ablation is currently
followed intra-operatively from the display of local tissue temperature and
impedance measurements. The cardiologists then infer the tissue changes
from general biophysical models. However, there is no indication of changes
in the electrical activation patterns.
Currently, the best visualisation of the effectiveness of the ablation process
is via LGE-MRI which enhances the contrast of fibrosis with the surrounding
soft tissue. Two main pitfalls of this method, which hinder its application
for cardiac ablation are the undesired enhancement of fat along with fibro-
sis and also the need for a longer settling time of the oedema around the
ablation before the true lesion can be visualised. Moreover, the lines of
electrical block can only be visualised anatomically and the electrical acti-
vation pattern can only be inferred. While post-ablation remapping can be
performed, this is a time-consuming step, which can be accelerated by the
use of ablation simulations and targeted remapping of the most important
areas.
Finally, while the above presented issues are general concerns in cardiac
ablation procedures, ablation of arrhythmias in patients previously oper-
ated of congenital heart disease (CHD) are even more challenging due to
their complex anatomy and electrical activation patterns. As such, their
treatment is extremely specialised and requires a high success rate, which
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is an additional motivation for highly-performing computer guidance.
1.2. Research Objectives
Cardiac arrhythmia treatment by catheter ablation has an increasing success
rate in cases of atrial fibrillation and atrial and ventricular tachycardias.
However, in complex cases of CHD patients or atrial fibrillation, whose
mechanisms are still a topic of research, the success rate can be as low as
70 % with an average of 1.3 procedures per patient [27].
The current challenges that make such procedures difficult are related
to both the pre-operative planning step and the ablation itself. Firstly,
inaccurate electroanatomical reconstruction can lead to false indication of
the tachycardia propagation. Secondly, incorrect ablation targeting and
catheter tip slippage from the target can cause inefficient ablation lesion
formation and adjacent tissue damage. Thirdly, insufficient understanding
of the ablation effect on the electrical activation propagation might require
time-consuming repeat procedures. Finally, little cross-case knowledge is be-
ing transferred in a standardised framework and therefore much experience
and information from similar cases remains unused for future interventions.
The objectives of the thesis are to:
1. propose a statistical framework for learning efficient EAM strategies
in order to reconstruct an accurate electroanatomy for a new patient,
given a database of similar studies;
2. based on the reconstructed electroanatomy, compute the tachycardia
circuit and propose ablation points with a high probability of tachy-
cardia termination;
3. analyse the catheter tip stability at each location and detect points
with high and low probabilities of slippage across the entire cardiac
chamber;
4. simulate the electrophysiological effect of sparse points ablated in pre-
vious studies and estimate the effect in the current patient, thus en-
abling the choice of the optimal ablation locations.
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1.3. Thesis Overview
The thesis comprises of a bibliographical and technological review, followed
by four chapters with original contributions, all summarised in the Conclu-
sions chapter.
Chapter 2 gives an introduction to the challenging field of electrophys-
iology by describing and explaining fundamental biophysical principles of
cardiac action potential propagation, including some of the mathematical
equations governing the cellular and tissue-level models. Coupled with the
electrical activation is the mechanical contraction. As such, electromechan-
ical models are included in the literature review. Secondly, cardiac shape
analysis has been of great interest over many years, whereby 3D image reg-
istration for shape alignment, either by anatomical landmarks or functional
information, has played an important role. Adding to the shape analysis,
combined models that included texture analysis are also reviewed. Linking
to the current available technology, electroanatomical mapping is introduced
in the next section, followed by the description of cardiac catheter ablation
principles, ablation strategies, as well as the technological state-of-the-art
remote magnetic navigation. The last sections deal with methodologies in
catheter tip stability analysis and ablation modelling. Finally, the objec-
tives of the thesis are restated based on the literature and technological
review.
Chapter 3 presents a framework for optimal pre-ablation electroanatom-
ical mapping. The work is motivated by the lack of standardisation in the
time-consuming electroanatomical mapping step, despite available knowl-
edge from previously investigated similar cases. The methods include a
manifold of combined population-based statistical atlases of shape and tex-
ture, i.e., electrical data, and mapping frequency of sparse points across the
database of anatomically similar cases. The proposed location of the new
mapping points were used to simulate the reconstruction of electroanatom-
ical maps and the results showed improved reconstruction speed and accu-
racy when compared to retrospective intra-procedural data.
Chapter 4 builds on electroanatomical data to compute the tachycardia
propagation path around the mapped cardiac chamber. Macro-reentrant
tachycardias activate the entire atrium or ventricle and can be traced by
translating the electrophysiological question into a graph traverse computer
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science problem. In this chapter, a weighted-Dijkstra algorithm is imple-
mented to follow the wave propagation from the earliest to the latest ac-
tivation time. Once the circuit is reconstructed, ablation points of highest
efficacy in terminating the tachycardia are proposed. The algorithms were
tested on subsampled maps, showing how the results improve with addi-
tional information.
Chapter 5 adds to the electrophysiological meaning of an ablation point
the information derived from the local catheter tip stability analysis. In ad-
dition to the electroanatomical reconstruction, current systems also record
short catheter tip motion trajectories at sparse locations on the anatomi-
cal mesh. Previously used only to compute local cardiac wall motion and
the global respiration pattern, this chapter proposes a novel consideration
of a third slippage component encoded in this mixed signal. After signal
decomposition, a probabilistic analysis over the entire cardiac chamber is
performed to detect areas of high instability.
The final technical Chapter 6 enhances the proposed framework by in-
troducing an ablation simulation feature and the option of ordering the
ablation points in an optimal sequence to deliver a pre-defined result. The
methods in this chapter are based on the mathematical representation of
ablation as a chain of convolutional matrices, on for each sparse ablation
points, multiplied to the vertex-wise electrical values on the electroanatomi-
cal map. The decoupling of the result of each sparse ablation, combined with
a Hidden Markov Model, allows for a further recombination of the points
in order to deliver the same post-ablation result in the smallest number
possible, thus optimising ablation energy and reducing tissue damage.
Chapter 7 summarises the methods and results presented in this the-
sis, as well as potential pitfalls and future improvements. Moreover, the
integration of the proposed methods into the clinical workflow is described,
showing the relevance and the added value for electroanatomical mapping
and pre-procedural ablation planning.
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1.4. Original Contributions
Two main contributions can be highlighted in this thesis. Firstly, a novel
approach to include knowledge from other electrophysiology studies was
designed to aid both in the planning and the ablation of a current case of
arrhythmia. Secondly, one of the most important factors in efficient catheter
ablation, i.e., catheter tip stability, was analysed from a new perspective in
order to establish areas of low slippage probability. These contributions and
others are detailed below.
Chapter 3
• Using the typical clinical approach of transferring cross-patient knowl-
edge, statistical shape models of cardiac chambers in CHD patients
are generated.
• The shape model in each anatomy is enhanced by a statistical texture
model describing typical activation in the respective chamber. In order
to instantiate the electrical activation in a new patient, the shape
in the pure shape model is first instantiated and the parameters are
imported into the combined shape+texture model.
• A third atlas of the most mapped vertices in the training set is anal-
ysed. Based on this atlas and the patient-specific instantiated elec-
troanatomy, optimal mapping points are proposed. The results show
improved electrical activation reconstruction when compared to the
retrospectively exported points mapped intra-operatively.
Chapter 4
• Macro-reentrant tachycardia circuits are reconstructed using the weig-
hted Dijkstra algorithm for graph traverse problems, whereby the
graph nodes represent the vertices of the anatomical mesh and the
weights are given by tissue-specific bipolar and unipolar voltages. The
circuit runs from the vertex of the earliest to one of the latest activa-
tion time.
• Along the reconstructed path, ablation points are proposed based on
the termination probability of points on tachycardia paths in similar
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cases. The termination probability for each point is computed.
• In order to test the proposed algorithms, the maps in the database
are subsampled by using sets of mapping points and reconstructing
the electrical activation. The results are compared for each iteration
where new data is added until the full set of mapping points is used.
Chapter 5
• The catheter tip position recording at each sparse mapping point is
decomposed using a novel empirical method which outperforms tradi-
tional bandpass filtering and component analysis methods when ap-
plied to the short signal exported from electroanatomical data.
• Three components are isolated in the spectrum, i.e., cardiac and respi-
ratory motion, and a third previously unaccounted for slippage along
the endocardial wall. This slippage is quantified in the three Cartesian
directions.
• Adding to the local quantitative analysis of slippage at each mapping
point, a global whole-chamber probabilistic analysis is performed to
detect areas of higher catheter tip instability.
• The methods are validated on simulated data, phantom experiments,
and real patient data from retrospective studies.
Chapter 6
• Focal ablation is modelled in a novel mathematical approach as a
convolution matrix, so-called ablation masks, applied to pre-ablation
electrical values in a given cardiac chamber. The ablation masks are
computed from a system of equations built from a database of similar
ablation cases.
• The ablation performed in a single case is modelled as a multiplica-
tive chain of the ablation masks corresponding to the selected ablation
points in the case, along with a patient-specific residual matrix, which
is computed by fitting a regression model to the new patients elec-
troanatomy.
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• Two application scenarios are describe for this framework: one of
simulation of the ablation result, given a known sequence of ablation
points, and one of ablation optimisation, for which a desired ablation
output is known and the sequence with the least ablation points is
sought.
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2. Clinical and Technical
Challenges in Electrophysiology
2.1. Introduction
Cardiac rhythm disorders are a major cause of sudden death worldwide,
with atrial fibrillation, atrial and ventricular tachycardia being the most
prevalent [28]. Globally, atrial fibrillation alone affects 33.5 million people
and its related deaths doubled between 1990 and 2010 [29]. Early detection
by ECG can meet the critical condition early and many patients are respon-
sive to medication. However, a large cohort of patients undergo catheter
ablation in order to reestablish the chronic arrhythmia-free state.
The most widely used technology is RF energy delivery, whereby an ab-
lation catheter is introduced intravenously, traditionally under X-ray guid-
ance, into the arrhythmic cardiac chamber. Once in contact with the target
tissue, the RF energy is delivered focally until the tissue heating causes per-
manent cellular damage and forms electroanatomic blocks for the circulating
tachycardias. The idea of lines of electrical block was first successfully im-
plemented in the surgical Cox Maze procedure [21], where the myocardium
was cut in smaller patches and sown back together. Thus, the electrical
block was ensured by the surgical scars.
Simultaneously, catheters had been in use for cardiac diagnostics and
electrical stimulation as early as the 1960s [30], with the first ablation of the
Wolff-Parkinson-White syndrome successfully performed in 1968. By the
1980s, catheter ablation was the preferred treatment in cardiac arrhythmias
over the more invasive surgical procedures. While in the beginning, direct
current was used, the clinical practice soon changed to RF energy due to
the controllable lesion size and depth.
Over the years, the necessary instrumentation has been developed to allow
for intra-operative measurements, temperature and contact force monitor-
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(a) (b)
Figure 2.1.: (a) The natural cardiac stimulation originates from the sinus
node in the top left corner of the right atrium and propagates
diagonally down to the His bundle at the bottom right of the
right atrium. The Purkinje fibres which create the conduction
network in the myocardium spread the activation wave down
to the apex of the ventricles and close again at the atria. (b)
Misalignment between the preoperative endocardial MRI (big-
ger meshes, lighter colour) and the intraoperative EAM (smaler
meshes, darker colour) on the right atrium and right ventricle.
ing, but, just as importantly, progress has been made in allowing for better
imaging that represents both the anatomy and the electrical activation in
high fidelity, i.e., EAM. Moreover, recent advancements have led towards
remote navigation, with the catheter tip controlled with high accuracy in a
magnetic field.
2.2. Introduction to Electrophysiology
2.2.1. Cardiac Action Potentials
The cardiac action potentials in healthy humans have their onset in the
sinus node in the top left corner of the right atrium (Fig. 2.1(a)). The
stimulus is conducted to the His bundle, which is the root of the cardiac
electrical network, the Purkinje fibres. The fibres activate the ventricular
walls of the myocardium, thus completing the electrical circuit.
Fundamental research has had an interest in cardiac electrophysiology
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ever since the discovery of the ECG by Einthoven in 1895. Several biophys-
ical models of cardiac action potential emergence and propagation have
been proposed and are continuously used in research nowadays. Many of
them have evolved into underlying electrophysiological models for clinical
devices. While not in clinical use themselves, the models offer potential
for pre-procedural planning and understanding of general electrical wave
propagation. Moreover, they can be personalised from patient-specific elec-
tromechanical measurements, e.g. from preoperative imaging [31, 32].
Two models can be generally identified:
• Cellular level ionic models, which regard the electrical stimulus
as a consequence of different ionic concentrations among the cells and
the intercellular space. They are based on the Hodgkin-Huxley model
[33], used to describe the onset of cardiac activation and its conduction
via the Purkinje fibres [34].
• Macroscopic level phenomenological models, which use a sim-
pler system of equations, are computationally less expensive, and,
therefore, can be used for clinical applications. These models are
subclassified in the following paragraphs.
There are many approaches to model the cell membrane potential without
breaking the problem down to the ionic channels. One can identify three
main trends:
• Eikonal models [35], based on the eikonal diffusion equation and
implemented for example in [36] in conjunction with a more detailed
Mitchell-Schaeffer model [37] or the ones in [38, 32] used for conduc-
tion parameter estimation. The eikonal model in Eq. (2.1) can be
solved with a fast marching method and delivers the repolarisation
time without computing the state itself, deeming the method faster
compared to other algorithms [39].
F (x)
√
∇T (x)TD(x)∇T (x) = 1 (2.1)
The variable T (x) is the arrival time of the polarisation wave at the
location x where it reaches speed F (x). The tensor matrix D(x) is an
expression of the fibre conduction at point x.
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• Monodomain models, which explain the propagation in a homoge-
neous environment. Representative approaches here are the FitzHugh-
Nagumo system [40], further used in applications such as [41, 42], ei-
ther in its original form or as modified by Aliev-Panfilov [3], as in
Eq. (2.2), with f(u) = u(1 − u)(u − a). The parameter values from
the literature are  = 0.01, λ = 8, a = 0.15. The variable u is the
normalised action potential (voltage) and z is the repolarisation wave.
The global diffusion tensor matrix D contains information about the
inhomogeneity in the myocardial fibre orientation and conduction.
∂u
∂t
= D∆u+ λf(u)− z
∂z
∂t
= (λu(1 + a− u)− z)
(2.2)
Eq. (2.2) can be solved with a finite element approach. In [43],
the problem was extended with boundary conditions for the mod-
elled conduction system of the Purkinje fibres at the border with the
myocardium.
• Bidomain models, which are able to distinguish between the intra-
and extracellular propagation. This is a rather computationally ex-
pensive approach and bidomain models such as Tusscher-Noble-Noble-
Panfilov [44] are rarely implemented in clinical applications.
Several interdisciplinary approaches, mostly derived from computer science
concepts, have looked into non-physiological modelling of cardiac electrical
activation. Some of the most representative samples of work include the
analogy of the cardiac electrical signal propagation to the connectivity in a
network of cellular automata [45] and the reconstruction of Purkinje fibres
as minimal cost paths in a Dijkstra graph of vertices on the 3D epicardial
surface [46].
Description of the electrophysiologic phenomena is important not only on
the endocardial surface, but also in the substrate and on the epicardium.
In [47], the fibre architecture generated ex vivo was used as a propaga-
tion network for electrical potentials measured in vivo at the epicardium
in order to describe the electrical activation in myocardial scar and on the
endocardium. The mathematical solution was further constrained by the
Aliev-Panfilov monodomain propagation model.
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2.2.2. Electromechanical Modelling
For relevant and accurate clinical results, a proper image and computer
guidance by personalisation both of the electrophysiological model param-
eters and of the myocardial fibre orientation must be implemented. The
electrophysiological modelling results must correlate with the electrome-
chanical contraction and, therefore, these models must also be taken into
consideration.
Extensive work has been done in linking the electrical activation with the
cardiac contraction. Some of the early approaches were developed around
fitting electromechanical models to cardiac images, an inverse problem to re-
cover motion from images and then activation sequences from motion [44].
The mechanics are based on an anisotropic linearly elastic model of my-
ocardial tissue, while the electrical impulses are described according to the
FitzHugh-Nagumo equations, Eq. (2.2). The impulse and contraction trav-
elling is supported on a myocardial mesh with modelled fibre orientations,
where the fibre information is incorporated in the diffusion tensor matrix,
expressed as in Eq. (2.3). The parameter d0 is the conductivity in fibre
direction, typically 1, and r is the conductivity across, typically 0.25. This
shows that the activation wave travels predominantly along the myocardial
fibres (Fig. 1.1), but that the activation across is also not negligible.
D = d0
1 0 00 r 0
0 0 r
 (2.3)
One of the most popular implementations for cardiac muscle contraction
is the Bestel-Clement-Sorine mechanical model [48] extended to a multi-
scale analysis as in [49]. According to this approach, a myocardial fibre
can be regarded as a parallel circuit of a contractile element of elasticity
dependent on the transmembrane action potential and a viscous element
which contributes to extracellular elasticity and friction. Additionally, the
model can take into account boundary conditions of blood pressure and
volume at the end of a cardiac cycle [41].
By extending their work in [41], the same authors proposed the person-
alisation of the electrical model with parameters derived from the ECG
[50]. The model was simulated with an impulse initiation at the apex and
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travelling along a generically shaped anisotropic Purkinje network.
While these models are most suitable for healthy subjects, models for
heart rhythm disorder patients were also attempted [31], but validation was
only qualitative.
2.3. Electrical Activation Reconstruction
2.3.1. Electroanatomical Mapping
Patient-specific electrphysiology, electrical activation and cardiac anatomy
can be captured intraoperatively by electroanatomical mapping (EAM).
CARTO R© and EnSiteTM VelocityTM are the most popular devices in clin-
ical use. After vascular access into the targeted chamber, the mapping
catheter is positioned at sparse locations on the endocardial wall where it
acquires simultaneously electrical and spatial information, both then inter-
polated into a textured 3D mesh. In CARTO, the electroanatomical map
is called Fast Anatomical Map (FAM) due to its acquisition in real time.
At each sparse point, the electrical information encodes the unipolar and
bipolar voltages and local activation time (LAT). The information can be
acquired from contact points (CARTO R©) or from contactless impedance
measurements (EnSiteTM VelocityTM).
The CARTO R© system provides orientation and position of the ablation
catheter tip in a global reference frame generated by an electromagnetic
field and in an optional, but widely used clinically, patient-specific reference
frame formed by two other catheters, one of them typically placed in the
coronary sinus (CS) (Fig. 2.2). All catheters have electromagnetic markers
at the tip. Additionally to the spatial catheter-based reference, the cardiol-
ogist makes use of the patient’s 12-lead ECG signal. The ECG potential and
the activation propagation can also be tracked in the patient-specific refer-
ence frame, giving general raw information about the spatial and temporal
action potentials. As such, with the 12-lead ECG signal and the complete
cardiac activation map, the cardiologist can identify the abnormal impulse
sources as the regions activated or re-activated first.
The CARTO R© system is used as intraoperative guidance and delivers as
output an electroanatomical map of a cardiac chamber. It is an iterative
process, refined by the cardiologist who continuously moves the mapping
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Figure 2.2.: Placement of the reference catheters (cyan and yellow, the yel-
low one in the CS) for a ventricular tachycardia ablation. The
Map ablation catheter (green) is in the RV. Catheter tips are
marked with black. The sequence of images shows the sparse
collection of electrical data at five different anatomical loca-
tions. This is shown by the different placement of the Map
catheter, while the reference catheters are kept at the same po-
sitions.
catheter in order to extend the CARTO R© view. A range of points on the
endocardial surface are acquired and, with each new point, the 3D mesh
representing the electroanatomical map is updated so as to depict the closed
electrical paths as anatomically accurate as possible. With a limited number
of sparse points, a complete 3D surface can be interpolated.
In order to deploy the mapping system, the electrophysiologist inserts two
reference and recording catheters, His and CS, and a mapping and ablation
catheter, Map, through the patient’s femoral vein into the RA and then the
right ventricle (RV) [5]. Fig. 2.3 shows the positioning of the three catheters
in a left atrium (LA) from a lateral view in X-ray fluoroscopy (a) and the
catheter view for RA mapping in the preoperative MRI after its alignment
with the intraoperative data (b).
Apart from their role in mapping, ablation, and reference, the catheters
are also used in recording intracardiac ECG signals, also known as intrac-
ardiac electrograms. They can also be used for pacing, i.e., electrical stim-
ulation. The positions of the electrodes on these catheters can be recorded
for tracking and signal decomposition.
After positioning the reference catheters and inserting the mapping elec-
trode, EAM is performed. The sensor in the Map catheter, i.e., the tip, is
brought in contact with the anatomical sites pre-identified as electrophys-
iologic landmarks, where sparse data is collected. Fig. 2.4(a) shows an
example of an anatomical map of the RA from the CARTO system regis-
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(a) (b)
Figure 2.3.: (a) Lateral view of the reference and recording catheters,
His bundle and coronary sinus (CS), and of the mapping
and ablation catheter, Map, positioned for LA ablation.
c©[2002]Circulation[5]. (b) Positioning of the Map catheter
(red) and the reference catheters (CS – green) for RA map-
ping as recorded in CARTO R© and in the aligned preoperative
MRI.
tered manually on an intraoperative fluoroscopy image. Fig. 2.4(b) shows
the overlaid activation map for the same anatomy in a left anterior oblique
(LAO) projection of 45 degrees.
Aside from the electroanatomic 3D maps, the studies contained sparse in-
formation collected at the contact points of the mapping catheter tip with
the cardiac anatomy. For each point, the 3D position, catheter orienta-
tion, and electrical activation parameters were available. In CARTO R©, the
catheter tip position is recorded as absolute value in the electromagnetic
coils’ reference system and also as an approximated projection on the FAM.
While the true measurement is triggered at a random point in the cardiac
cycle at the operator’s action, the projection is computed by CARTO R©
as the closest point of the FAM, thus synchronising it to the end-diastolic
endocardium position.
For each mapping or ablation point, CARTO R© records the catheter tip
movement over 2.5 s, at a rate of 60 Hz. The end-diastolic position is selected
at the first R-peak after the 2 s time stamp, thus achieving the synchroni-
sation of all mapping points [51]. The 3D anatomy is built based on these
values.
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Figure 2.4.: (a) Anatomical map of the RA registered on intraoperative X-
ray fluoroscopy. (b) Activation map of the RA in LAO 45-
degree view. c©[2009]Wiley[6]
Fast electrical activation reconstruction by EAM has revolutionised the
intraoperative assessment of complex tachycardias. The EAM systems are
able to represent multiple entry and exit points synchronised in a single
heart beat and create an activation map which otherwise would have needed
pacing and stimulation at each suspected point of interest [52].
The electrical activation is reconstructed by computing maps of LAT,
bipolar, and unipolar voltages. The values at each FAM vertex are inter-
polated from the ground-truth mapping points. The computed values for
vertices in between are the mean of the measured values at mapping points
within 15 mm radius, inversely weighted by the distance. The threshold of
15 mm is a setting that can be adjusted intraoperatively by the clinician.
A low interpolation threshold gives high spatial resolution, since less points
are merged, whereas a high interpolation threshold smooths the FAM for
a complete visualisation. If a vertex has no mapping points as neighbours
in 15 mm distance, its electrical properties are overwritten by the nearest
vertex which had mapping points as neighbours.
An additional clinically relevant map of fibrotic tissue can be generated
based on the bipolar voltages. As such, surgical and myocardial infarction
scar can be delineated in the ventricle by segmenting out the region with
potentials lower than 0.5 mV, showing that this region is electrically inactive
in conduction [53]. Areas with voltages between 0.5 and 1.5 mV are called
boarder zones and areas with voltages over 1.5 mV are deemed healthy.
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Figure 2.5.: Electrocardiographic imaging (ECGI) – electrical activation re-
construction workflow. The acquisition follows two simulata-
neous paths: on the one hand, the heart-torso anatomy and
geometry is obtained, and on the other hand 250 electrograms
are sampled at 1 ms and mapped onto the torso geometry, re-
sulting into body surface potentials. The specialised ECGI soft-
ware solves the ill-posed problem of determining the epicardial
electrical activation. c©[2013]Circulation[7]
Currently, there is no similar standard for atrial tissue.
2.3.2. Electrocardiographic Imaging (ECGI)
Electroanatomical mapping is an invasive imaging method which only al-
lows for electrical activation reconstruction from a sensor at the mapping
catheter tip inside the heart. While this is acceptable as part of an ablation
procedure, which itself is invasive, a novel outside-of-the-body method has
been developed for pure diagnostic purpose. This method is called electro-
cardiographic imaging (ECGI).
ECGI builds on ECG’s capabilities to noninvasively capture cardiac acti-
vation from body surface potentials. While in ECG the number of imaging
directions is limited to the 12 leads, ECGI uses a denser mesh of electrodes
positioned closely, thus reducing the smoothing effect of the body on the
true cardiac action potentials and reconstructing electrograms, voltages and
LATs more accurately [54]. From a mathematical point of view, the cardiac
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action potential is the solution of the electrocardiographic inverse problem
which derives the caridac potentials from the body surface potentials using
a linear system of equations:
ΦT = AΦE, (2.4)
where ΦT are the measured body surface potentials, ΦE are the unknown
cardiac potentials, and A is a matrix reflecting the geometry (derived from
CT or MRI) and electric conductivity of the volume between the body
surface and the heart.
The technical literature regards this equation as ill-posed, as measurement
noise on body surface potentials or geometric errors yield large unbounded
errors in the solution [54, 55]. Tikhonov regularisation is commonly used
to overcome this issue by imposing constraints on computed magnitudes or
derivatives. The regularised solution is:
ΦˆE = arg min
ΦE
‖AΦE −ΦT‖2 + t‖LΦE‖2, (2.5)
with t the Tikhonov regularisaton parameter and L the regularisation oper-
ator, e.g., gradient or Laplacian [54]. Stochastic approaches to solving Eq.
(2.4) include Kalman filtering to estimate the unknown state of the system
[55] and Bayesian inference [56].
The hardware and software setup of ECGI is depicted in Fig. 2.5. The
body surface potentials are obtained from a vest of 250 electrodes visible
in CT. This allows for the registration of anatomy and electrical data. The
body surface potentials are sampled at 1 ms and are fed along with the
CT-scanned geometry into the ECGI algorithm.
One acknowledged disadvantage of the current ECGI model is that the
electrical activation reconstruction is limited to the epicardium. As such,
Eq. (2.4) only describes the relationship between epicardial and body sur-
face potentials. The electrophysiological model in this equation is valid
under the assumption that there is no excitable tissue between the two sur-
faces, which does not hold if the model is extended to the endocardium,
since the entire electrically excitable myocardium would be enclosed in this
volume [7].
Despite this pitfall, ECGI has proved good results in a variety of electro-
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physiological studies, such as dual-site epicardial pacing, ventricular tachy-
cardia, and atrial flutter, and its spatial resolution has also been improved
by adding other regularisation methods, i.e., generalised minimal residual
[54]. The method was compared against intraoperative mapping and proved
that it can capture electrical activation patterns in a single heart beat [57].
More recently, ECGI has evolved into a commercial product, i.e., CardioIn-
sight (Medtronic, Minneapolis, MN, USA), part of the clinical workflow in
diagnosing heart rhythm disorders.
2.4. Cardiac Catheter Ablation
Cardiac catheter ablation and the ablation of atrial and ventricular tachy-
cardias in particular is considered one of the advancements of interventional
cardiology [58, 59, 60, 61]. While traditionally only pathologies such as ac-
cessory pathways (Wolff-Parkinson-White syndrome) were referred for abla-
tion and others such as atrial fibrillation were treated surgically, integrated
image and signal guidance and merging pre- and intraoperative data have
pushed these technique to be applied for many types of heart rhythm dis-
orders and many CHD patients previously ranked as high-risk or incurable
due to their complicated anatomy.
2.4.1. Technological Overview
When the natural electrical activation of the heart is disrupted causing
cardiac cycles of lengths less than 600 ms or higher than 1200 ms, cardiac
arrhythmias occur. These conditions can appear both in the upper and
lower chambers and are extremely dangerous as they can lead to cardiac
arrest in the case of ventricular tachycardias or to stroke in the case of
atrial fibrillation.
The treatment of cardiac arrhythmias has been undergoing continuous
changes and is an active research area. One of the most efficient options is
the minimally-invasive RF ablation of arrhythmogenic myocardium.
The principles of electrophysiology were established in 1952 with the
Hodgkin-Huxley model of electrical propagation in the nervous system [33].
However, cardiac action potentials were first quantified in the ECG as early
as 1895, when Einthoven showed the heart’s activation as projected on the
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body surface in the form of electrical time-space waves [20]. Despite the
direct interpretation of this voltage drop into the electrical resistance and
conductivity of the tissue, the basic principle of RF catheter ablation, the
procedure itself, is relatively new in the treatment of atrial and ventricu-
lar tachycardia, having been first described in 1981 [22]. The electrically
sensitive catheter was traditionally used for diagnostic purposes only, i.e.,
mapping of tissue impedance and inference of electrical paths. This step is
still performed before an ablation procedure as EAM.
Additionally to RF energy, there has been much development towards
using laser ablation for cardiac application. Laser energy has already been
used in destroying cancerous tissue, as in liver carcinoma [62, 63] or prostate
hypertrophy [64]. Its benefit compared to RF energy is that lesions are po-
tentially not influenced by the quality of the contact between tissue and
catheter tip [65]. The authors looked into ablation bovine myocardium
with an irrigated laser catheter (RytmoLas, LasCor GmbH, Taufkirchen,
Germany) with promising results for dynamic procedures such as cardiac
arrhythmias. In another study, no statistical difference between postabla-
tion scar in RF, laser, and cryoablation was discovered, as shown in late
gadolinium enhancement MRI [66].
Another alternative looked into is microwave energy. Potential benefits
include controlled heating of large volumes and reduced charring, one of
the main issues with traditional RF catheters [67]. Moreover, the ablation
lesion is deeper for the same tissue surface temperature; lesions not deep
enough are a common issue, as they do not contribute to arrhythmia sup-
pression. Despite some of the advantages, microwave ablation has a limited
application to the current cardiology practice.
A very recent project proposed a first attempt at designing and using a
microwave catheter for pulmonary vein isolation in vitro [68]. The authors
reported good results and emphasised the need for an in-vivo contactless
ablation technique with results that are less susceptible to cardiorespiratory
motion.
Additionally to RF, laser and microwave ablation, cryoablation has been
described as therapeutic means for curing heart rhythm disorders. Similarly
to laser catheters, the delivery devices have a balloon at the tip containing
refrigerant. The balloon technique is used for single ablation of each of the
pulmonary veins in atrial fibrillation management. By inflation, the balloon
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comes in contact with the root of the pulmonary veins and freezes them.
The result is a scar, just as in the other thermal techniques. However,
other local or re-entrant tachycardias need to be treated with traditional
point-by-point ablation catheters.
An advantage of cryoablation compared to the other types of energy is
the possibility of temporary reversible alteration of the tissue as opposed to
permanent damage. This is in particular useful for confirmation of the in-
tended ablation site [69, 70]. While it can be argued that electroanatomical
mapping is already used for establishing the target, short-term cryoablation
can be a secondary source of information and can be used in conjunction
with electrical mapping to simulate the effect of permanent ablation. This is
not available yet in any of the electroanatomical mapping software versions
on the market. However, because of the possibility of reversible ablation,
there have been several cases of tachycardia circuit recovery and need for
redo procedure. Further investigations showed that the catheter thickness
is positively correlated with the efficiency of the procedure. Secondly, it was
reported that cryoablation causes less intraprocedural complications than
RF energy. Among these advantages are less charring, blood clots (common
complication in atrial RF ablation) and in general better outcome even in
regions with reduced blood flow.
Since microwave energy is most useful for ablation of large volumes and
cryoablation has only provided benefits in pulmonary vein isolation for atrial
fibrillation [71], the most widely used cardiac ablation technology remains
RF energy delivery due to its applicability in the treatment of all arrhyth-
mias and its controllable lesion formation.
2.4.2. Ablation Strategies
The computer guidance algorithms and methods proposed in this thesis
were developed according to the specific needs for the RF ablation of atrial
fibrillation and of atrial and ventricular tachycardias in CHD patients, but
can be easily extended to other patient groups. Atrial fibrillation, abnor-
mally high contraction rate of the atria (400–600 bpm), is typically treated
by ablation of the roots of the pulmonary veins in the LA [72]. The RF
ablation in particular, due to its localised pulse delivery method, targets a
specific point on the endocardium and linear lesions can only be created by
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close positioning of ablation points [73].
The same ablation strategy is applied to macro-reentrant atrial and ven-
tricular tachycardia, i.e., circulating arrhythmias that activate the entire
chamber in an abnormal pattern. Each ablation point along the linear le-
sion needs to have sufficient depth in order for the whole line to stop the
electrical activation wave. The positioning of the ablation line, the wall
thickness, and the stability at each ablation point influence the procedure
results [74].
A third ablation strategy is approached for the group of patients who
suffer from ventricular tachycardia after myocardial infarction due to the
building of scar regions and of small conductive channels within. For these
patients, a so-called substrate ablation is performed, whereby the small
channels are closed with focal ablations, thus bordering the myocardial in-
farction scar with ablation lesions [75]. From a computer-guidance point of
view, this procedure requires accurate delineation of the infarction scar, as
well as detection of the fine conduction channels, currently done by pacing.
2.4.3. Remote Magnetic Navigation and Ablation
In early approaches to robotic catheter ablation, the camera and operative
arms of a daVinci R© robot (Intuitive Surgical, Sunnyvale, CA, USA) were
inserted in the patient’s chest cavity in an epicardial ablation procedure [76].
The epicardial approach was an alternative to the standard endocardial
procedure. One of the robotic arms had the ablation catheter attached,
while the others were used to retract vessels and tissue in order to create a
proper field of view.
Over the years, two systems have become the most widely used remote
catheter navigation platforms for cardiac ablation procedures: the mag-
netic system Niobe R© (Stereotaxis, St. Louis, MO, USA, Fig. 2.6) and
the electromechanical system Sensei R© (Hansen Medical, Mountain View,
CA, USA). One of the early feasibility studies of magnetic catheter guid-
ance in patients with atrial fibrillation tested the market-leading system
Niobe II. The device was used in conjunction with its image integration
feature CARTO R© RMT which provided intraoperative electroanatomical
maps. The 0.08 T magnets on each side of the operating table create a fine
driving environment for the magnetic catheter tip. The magnets’ orientation
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Figure 2.6.: Niobe R© remote navigation system for cardiac catheter ablation.
c©[2006]Wiley[8]
is changed with a motor drive and this yields a tip orientation accuracy of
1 mm or 1 ◦, respectively. It was concluded that a robotic system can facili-
tate a short learning curve for anatomically guided ablation procedures such
as atrial fibrillation [77]. The CARTO R© RMT’s utility was also assessed to
the conclusion that it was easier and faster to acquire more mapping points
with the robotic tool than manually.
One of the recent developments in magnetic navigation for cardiac abla-
tion procedures is Aeon Phocus (Aeon Scientific, Zurich, Switzerland, Fig.
2.8). The navigation system makes use of the company’s patented electro-
magnetic steering to provide easy access to any of the four cardiac chambers.
In a review of remote magnetic navigation outcomes for cardiac ablation,
it was established that such devices were most often used in atrio-ventricular
re-entrant tachycardias [78]. Acute and intermediate success rates were as
high as 95 % and 93 %, respectively. However, these figures can be achieved
in the manual procedures as well. Looking into areas which can potentially
benefit from the magnetic systems catheter softness and higher stability, it
was discovered that, for ventricular tachycardia, the manual success rate of
79 % was improved to 97 % by using the robotic catheter. Moreover, it was
deemed that such a magnetic navigation system could be highly suitable for
enclosed space applications such as epicardial ablation.
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Figure 2.7.: Screenshot of the remote magnetic navigation system Stereo-
taxis Niobe R© from the operator side. The 3D EAM was inte-
grated with fluoroscopy in RAO 30◦ (left) and LAO 40◦ (right).
The yellow and green arrows show the orientation of the mag-
netic field. White dots mark the pulmonary vein ostia and red
dots tag the ablation lesions. The white lines are designed iso-
lation lines for the pulmonary veins. Lasso R©: circular mapping
catheter in the pulmonary vein. c©[2008]OUP[9]
Figure 2.8.: Aeon Phocus remote navigation system for cardiac catheter ab-
lation. c©[2017]OUP[10]
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The ease of synchronising the robotic navigation system with EAM and
traditional imaging modalities such as 3D CT has been a major concern
since the advent of remote ablation controllers. In [79], experiments in
porcine and human pulmonary veins and aorta for LA fibrillation were per-
formed. The Sensei R© master-slave electromechanical system was used and
surface-matching Iterative Closest Point was chosen for registration.
Both magnetic and electromechanical systems were compared in achieving
long linear lesions in pulmonary vein isolation for atrial fibrillation treat-
ment [9, 80]. The experiment focused on mapping and performing a pre-
liminary single ablation, whereby the feasibility, accuracy, and safety of the
electroanatomical left-atrial mapping were assessed.
Force feedback for the electromechanical Sensei R© robot was a major de-
velopment of the system, as previous studies had showed concern about the
high risk of vessel and wall perforation due to the robust catheter sheath
[81]. The first experience in humans was reported. A comprehensive tech-
nical description of Sensei R© was given, showing that the electromechanical
drive controls two steerable sheaths one within the other, which renders the
catheter rigid compared to a magnetic system. The major advantage of the
electromechanical system remains its applicability in patients with metal
implanted devices.
Large cohorts of patients with relevant follow-up over an average of one
year were analysed after robotic atrial fibrillation ablation in several studies
[82, 83, 84, 85] with results comparative to the manual procedure in terms
of success and safety. Robotic catheter systems were proved to be useful
in anatomic, electrogram-based, circular, and linear ablations. It was em-
phasised that continuous uninterrupted motion of the catheter and energy
delivery could be performed. For the magnetic system in particular, the
maximal pressure of the catheter tip on the cardiac wall was measured to
15 g, which is significantly less than in either electromechanical or manual
procedures [83, 86].
An important measure for the new technology was the catheter stability
at the ablation site. In a semiquantitative analysis, three values were de-
fined: no catheter slippage, one interrupted ablation step throughout the
procedure due to slippage, or more than one interruptions [87]. In 63 out of
65 patients, there was no interruption and in 2 patients, one point had to be
reablated. However, optimal positioning at the ablation onset remained an
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unsolved challenge, as delayed reconduction of ablated paths was observed.
One of the most important drives of the robotic catheter navigation had
been the reduction of interventional X-ray fluoroscopy for the clinician and
the patient. A randomised study on 60 patients showed that this reduction is
not only due to the available electroanatomical data and the more accurate
tracking of the catheter tip, but also due to the increased positional stability
of the tip, requiring less image-guided correction and detection [88].
The existing electromechanical and magnetic catheter navigation sys-
tems spurred new developments of additional instrumentation. An MRI-
compatible optical-fibre force sensor was developed in order to better de-
tect the catheter-wall contact pressure parameters [89]. Moreover, haptic
rendering was included in a robotic platform and virtual fixtures based on
vessel centreline on intraoperative X-ray fluoroscopy images were computed
in order to facilitate faster and safer access from the vessels into the heart
[90]. Finally, the slippage reduction was attempted with the integration of
real-time ultrasound image-guidance and of force feedback in a nested con-
trol scheme to regulate the catheter tip position according to the cardiac
cycle [91]. While this represents a great advancement towards closing the
robotic sensing-acting loop, further compensation for additional sources of
cardiac wall motions such as respiration must be developed.
In the treatment of atrial fibrillation, it was observed that robotic ablation
achieves a more continuous encirclement of the pulmonary veins than that
of manual procedure [92]. The lesions in the ablation of paroxysmal atrial
fibrillation performed manually and robotically were compared and it was
concluded that the better catheter tip stability available in the robotic pro-
cedure led to more effective isolation of arrhythmogenic regions [93]. This
supports the need for accurate distal catheter placement, not only for focal
ablation, but also for circular or linear energy delivery patterns.
2.5. Cardiac Shape Analysis
In the context of EAM, cardiac shape plays an important role as its accu-
rate representation influences the overlay of electrophysiological parameters
and subsequently the ablation decisions. In electrophysiology procedures,
the shapes are represented as closed 3D surfaces. There are two types of
meshes in clinical use: preoperative CT or MRI and intraoperative FAM.
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The common issues with these two shapes are related to registration, i.e.,
representing the two meshes in the same reference frame, typically embed-
ding preoperative MRI in the intraprocedural imaging, but there is added
value in shape analysis over a homogeneous dataset of similar subjects, i.e.,
statistical models, thus improving registration and segmentation of preop-
erative images.
2.5.1. 3D Image Registration
Registration is needed in the alignment of preoperative and intraoperative
data, but also in the inter-subject alignment of the same anatomical mesh,
the latter being a preprocessing step of statistical shape models.
From a volumetric point of view, the intraoperative mesh contains dif-
ferent anatomical detail than the smooth segmented surface from the pre-
operative data (Fig. 2.1(b)). Therefore, in many applications of image
fusion, nonrigid registration is used. A popular method is diffeomorphic
demons [94]. This method parameterises surfaces onto spheres and aligns
the objects in this space. Diffeomorphic demons were also used in [95] to
align 4D cardiac CT sequences, which needed not only to suffice the spatial
constraints, but also to be consistent over every phase of the cardiac cycle.
Multi-modality registration of X-ray, MRI and EAM has also been tack-
led. The has been again solved by nonrigid registration, with a notable
example of a deformable surface matching intraopoerative endocardial data
to preoperative X-ray/MRI (XMR) [31]. The method was an extension of
2D contour snakes [96] into 3D where the electroanatomical map is attracted
to the boundaries in the XMR image.
In order to perform registration, landmarks are chosen on which the align-
ment should be performed. Due to the curvature discrepancies in the two
imaging modalities, non-rigid feature matching is the method of choice.
Similarly to diffeomorphic demons, some authors experimented with con-
formal mapping in order to align brain surfaces [97]. The algorithm maps
the two surface to be aligned into canonical shapes and matches the features
in this new domain.
Among the general registration methods, some were particularly devel-
oped for use in electroanatomical studies. In [98], the authors proposed
Downhill Simplex to optimise the registration of the intraoperative map-
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ping points with the preoperative 3D surface. They concluded that at least
50 points must be sampled intracardially in order to achieve a near opti-
mal match. They also tested a piecewise registration approach by matching
structures independently from each other; this algorithm also outperformed
global registration. While 50 intraoperative points is a realistic and common
number in electrophysiological studies, the good spread is an issue; the car-
diologist samples several points randomly and evenly on the endocardium,
but then collects data, the rest up to 50 points, in more detail only in the
areas of interest for the procedure.
Extensive work has also been conducted in intraoperative registration of
fluoroscopy (2D) and electroanatomical (3D) data [99]. The authors pro-
posed the matching of the anatomy from the transformation of the spline-
like catheters in both images. Moreover, this alignment can be used through-
out the procedure if the catheters remain fixed in the coronary vessels. This
is a crude simplification, since the coronary vessel positions are also subject
to the cardiac motion.
One of the goals of accurate registration between intraoperative EAM and
preoperative 3D models is the correct visualisation of myocardial infarction
or of previous surgical scar in the anatomy. The scar alignment results from
the global alignment of anatomical landmarks, i.e., matching the aorta, the
mitral annulus and the left ventricular apex in both images [100]. Intraop-
eratively, the alignment can also be compared on EAM data, where areas
of low conduction can be seen.
2.5.2. Statistical Shape and Texture Models
A novel approach proposed in this thesis is the use of population-based
cross-subject statistics, combined with learning and knowledge transfer, for
several sections of computer-guided preprocedural planning of EAM and
ablation. The fundamental concept of population-based image analysis is
the statistical shape modelling (SSM), introduced in [101]. A training set of
several shapes representing the same anatomy is used to compute an average
object, as in Eq. (2.6), and its modes of variation which are the eigenvectors
of the covariance matrix of the training set, computed as in Eq. (2.7). The
shape is mathematically speaking a vector of points on the object contour.
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x¯ =
1
n
n∑
i=1
xi (2.6)
S =
1
n
n∑
i=1
(xi − x¯) · (xi − x¯)T (2.7)
For cardiac motion assessment, applying SSM methods has a particular
physiological signification as well. With a training set containing points
throughout the cardiac cycle, the principal modes of variation accounting
for the most mechanical changes will describe the intrinsic cardiac motion
itself [102]. This intra-subject multi-slice implementation of SSM is called
cycle-length registration. It has been used with potential diagnostic purpose
to track correspondences of the same anatomical landmark across all cycle
phases.
Correspondence generation and object registration are the two crucial
steps in statistical shape modelling. The ability of the SSM to describe
a new shape depends on the completeness and relevance of the modes of
variation, which in turn are influenced by optimally chosen features for
every item of the training set and a proper alignment of the point clouds.
One of the most intuitive criteria for establishing point-wise correspon-
dences is the Cartesian distance between the two points. An iterative point-
matching algorithm has been described in [103], for which a good outlier
rejection rate has been reported. However, there is a prerequisite for apply-
ing this method: either the surface to be parameterised is very dense, so as
to have many valid potential correspondences for the current point on the
template, or the method would fail due to wrong convergence. Moreover, the
method does not incorporate any information about the connectivity of the
points and can therefore generate self-intersecting correspondences. This
drawback can be partially overcome if an execution direction is assigned to
the correspondence generation process.
Other criteria for point-based correspondence matching include informa-
tion theoretical Minimum Description Length (MDL) assessment [104]. The
MDL provides a measure for coding the optimality of correspondences.
Codes can be generated and their lengths provide comparison measures
for different valid models.
Apart from the point correspondences, there are several approaches to
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matching features on surfaces. One typical example of features used for sur-
face parameterisation is using extrema of curvatures [105]. However, there
is a recognised limited applicability of this method to deformable objects
[106]. Several approaches have also been developed to explain the surface
changes based on virtual forces that mimic the cardiac contraction and re-
laxation and thus the correspondence displacement [107]. These methods
are analogous to the active contours for the 2D imaging case, where poten-
tial object contours are attracted by forces, e.g. pixel intensity values, in the
images and fully enclose the object [96]. The correspondences are identified
in the stationary case for which the external stretching forces compensate
the internal contraction, inertia, bending, strain and damping forces. Also
spring-like elements were added to the surface parameters [108]. These
springs are not only mechanical elements, but are also virtual, describing
the temporal changes.
2.6. Catheter Tip Stability Analysis
EAM systems are a source of multivariate information, much of which is
currently unused in the clinical practice. While the interventional electro-
physiologist focuses on the electroanatomy, catheter tip contact forces and
temperature, there remains a wealth of unexplored dynamic data such as
catheter tip motion on the myocardium. This motion is the effect of the
cardio-respiratory cycles and of spatial slippage and is recorded by EAM
systems in windows of ca. 2.5 s-length at each sparse mapping and ablation
point. At each point, K samples are recorded with a frequency of 60 Hz.
2.6.1. Multi-Source Motion Decoupling
Source separation principles were first applied to acoustic signals [109]. The
proposed algorithm detected the periodicity in the autocorrelation domain
of the signal, but needed a signal sequence of at least three longest periods.
This is not applicable to the CARTO R© electrode and sensor readings, as
each sequence is only 2.5 s long, containing two-three cardiac oscillations,
as compared from the ECG, but not enough respiratory information, which
typically has a period of 3-4 s.
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Independent Component Analysis (ICA)
A very popular source separation method, ICA was developed by Hyvaer-
inen [110]. The first approach minimised the mutual information in every
iteration, a measure synonymous to probabilistic independency. A random
variable x = (x1, x2, ..., xm)
T with m observations, e.g. x, y, z components
of a signal, is a linear combination of n sources s = (s1, s2, ..., sn)
T, where
n ≤ m. Then, the inverse transformation W is sought in order to regain
the source signals:
s = Wx (2.8)
Eq. (2.8) is actually the formulation of a dimensionality reduction from the
space of m variables xi, i = 1,m to the space of n decoupled independent
signals sj , j = 1, n. This problem can be solved not only by ICA, but
also with Principal Component Analysis [111] and Factor Analysis for data
following a Gaussian distribution.
The ICA approach to solving Eq. (2.8) is the estimation of the direct
model:
x = As, (2.9)
where the sources s are tested for statistical independence by computing
the mutual information:
I(s1, s2, ..., sn) =
n∑
j=1
H(sj)−H(s) (2.10)
H(sj) is the entropy of source sj coded separately and H(s) is the entropy
of s as random vector [112]. The algorithm was implemented in a neural
network. Alternatively to the mutual information, the log-likelihood can be
used as an independence measure:
L =
T∑
t=1
n∑
j=1
logfj(w
T
j x(t)) + T log|det(W)| (2.11)
with fj the known density function of sj and t the time stamps of the
recordings for x.
ICA was applied on magnetoencephalographic (MEG) signals of the brain
to decompose activation sequences [113].
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Blind source separation based on a FastICA implementation was also used
to decouple gastrointestinal myoelectrical recordings [12]. Starting from
a one-dimensional signal, the authors use m-1 time-delays of the original
signal in order to construct a set of m mixed recordings. The FastICA
algorithm runs in the following steps:
Data: x(t) = (u(t), u(t− 1), ..., u(t−m+ 1))T, where u(t) is the
original gastrointestinal signal
Result: weighting vectors w0,w1, ...,wn−1
initialisation i = 0 while i < n do
1. initialise k = 0 and wki = w
0
i as a random vector
with |wki | = 1
2. compute y(t) = x(t)((wki )
Tx(t))3 and E{y(t)} as the
normalised mean of y(t)
3. update wk+1i = E{y(t)} - 3wki
4. if i = 0 then
go to 6
else
build the orthogonal basis from the previous weighting
vectors
wk+1i = w
k+1
i − ((wk+1i )Tw0)w0 − ...− ((wk+1i )Twi−1)wi−1
5. normalise wk+1i
6. if |(wk+1i )Twki | is significantly different than 1 then
increase k go to 3
7. increase i
Algorithm 2.1: FastICA, applied to a dataset of gastrointestinal
signals [12]
Principal Component Analysis (PCA)
PCA can also be used to extract the fundamental cardiac, respiratory, and
slippage components from a set of observations of the mapping catheter
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sensor and electrode positions, as in Eq. (2.12).
xi = xi(0) + P · bi, i = 1,m (2.12)
In the 3D space with m = 3, the variable xi, i = 1,m, is the recorded signal
in each of the three direction x, y, or z over 2.5 s. The initial value xi(0) is
a shift representing the mean location of the catheter tip over time.
The matrix P contains the fundamentals of K components, each with K
time samples, the same number of samples as the original signal xi. The K
components are the eigenvectors of the covariance matrix S computed from
the m recordings of the catheter tip position as in Eq. (2.13). The vector of
the corresponding eigenvalues bi of length K×1 is the one which modulates
the amplitude of these components for signal i.
S =
1
m− 1
m∑
i=1
(xi − xi(0)) · (xi − xi(0))T (2.13)
The disadvantage with PCA decomposition is the fixed number of compo-
nents equal to the number of K time samples. It is not guaranteed that all
signals with the same frequency are seen as a single component, e.g. the
cardiac signal might be the sum of several sequences among the K compo-
nents.
Nonlinear PCA
Scholz [114] proposed the analysis of periodic signals using a non-linear
PCA (NLPCA) neural network algorithm. The periodic signal is seen as
a cyclic phenomenon and is modelled with a neural network with circular
units. NLPCA is a generalisation of PCA by modelling the components as
curves instead of linear directions. For the particular periodic case, the curve
must describe a circle, i.e., come back to the origin, after a full period. The
approach in [114] uses a multi-layer perceptron of auto-associative topology,
sandglass due to the graphical appearance of the extraction and the inverse
function layer. At the far end of the network, the output xˆ is required
to equal the input x in a least-squares error minimisation approach. The
periodicity is achieved by forcing the units in the perceptron layer to be on
a circle z2p + z
2
q = 1.
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Factor Analysis
Factor Analysis can also be used to decouple the catheter tip motion. The
algorithm can be described by the following equation:
x = µ + λ · F + e (2.14)
where x has the dimension m × K, with m the number of signal com-
ponents over K time stamps. The matrix µ saves point-specific informa-
tion in the form of a mean position, analogously to xi(0) in Eq. (2.12),
λ is the maximum-likelihood estimated loadings matrix of size m × 3,
F = [FS FR FC]
T is the 3 × K matrix of slippage, respiratory, and car-
diac components, and e is a residual vector of independent errors.
Multivariate Empirical Mode Decomposition (MEMD)
Due to assumptions of periodicity or independence, the methods presented
in the previous paragraphs might deliver suboptimal results when applied
to signals acquired over a shorter time than the period of the slowest com-
ponent. Moreover, the three components regarded in this chapter, i.e. slip-
page, cardiac and respiratory motion, are not statistically independent be-
cause the slippage causes the catheter tip in the next time stamp to be at a
different location which moves according to different cardiac and respiratory
oscillation patterns than before.
Multivariate empirical mode decomposition (MEMD) [13, 115] was used
to decouple the three-dimensional position signals of the mapping and ab-
lation catheter tip sensor. The method sorts the zero-mean components,
called intrinsic mode functions (IMF), in descending order of their number
of local extrema, which in the case of periodic events, such as cardiac and
respiratory displacement, is equivalent to sorting them by the signal fre-
quency, i.e., amplitude and frequency modulation of the mixed input signal.
The original empirical mode decomposition (EMD) was successfully ap-
plied to electroencephalographic (EEG) signals and it was established that
the signals had physiologic meaning [14]. In decomposing the signal from
endocardial mapping, the meaning of the component with the least num-
ber of local extrema showing the general trend in the signal is that of the
relative slippage between the catheter tip and the myocardium. Other com-
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ponents can be identified as the respiration and the cardiac motion due to
their frequency within the normal human range (for respiration) or close to
that of the simultaneously recorded ECG (for the cardiac cycle).
Eq. (5.3) shows the composition of the mixed signal assumed by the
MEMD algorithm, with x being the original multivariate signal from the
sensor recorded over K samples, N the number of decomposed IMFs, an,k
the amplitude value which modulates the oscillation vector Ψn,k of the n-th
IMF, n = 1, N at time stamp k, k = 1,K, and r the residual trend vector
for each channel.
xk =
N∑
n=1
an,kΨn,k + rk, k = 1,K (2.15)
The simultaneous decomposition with MEMD as compared to the single-
channel EMD ensures not only the same number N of independent IMFs in
all channels, but also their alignment in the frequency domain. EMD, the
single-channel decomposition method, for a time series x can be summarised
as in Alg. 2.2 [13, 14].
The multivariate extension computes the mean in the multidimensional
space by first generating a Hammersley sequence for projecting the 30-
dimensional sequence (one sensor and four electrodes, each with three di-
mensions and their derivatives) onto certain directions. The means are
calculated for the projection signals and then subtracted as in the one-
dimensional algorithm [115].
2.6.2. Motion Tracking and Compensation
Several approaches have been investigated to estimate the motion of the
catheter tip intraoperatively. PCA has been applied on the reference catheter
shape vectors extracted from fluoroscopy images [111]. The catheters were
placed in the CS and at the His bundle (Fig. 2.2). The first two modes
of variation extracted were assumed to be the cardiac and the respiratory
motion, respectively. Because PCA was able to extract only translation in
its principal directions, the authors employed a hierarchical manifold learn-
ing approach for non-linear dimensionality reduction in order to capture
more variation in the fluoroscopic images [116]. They applied two separate
sequences to extract the respiration and the cardiac cycle and then gated
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Data: single-channel time series x(t)
Result: IMFs
while x(t) is not a monotonic function (residual) do
while no valid IMF do
1. find the local extrema of x(t);
2. perform spline interpolation between the local minima
and local maxima, respectively, thus generating two
envelope signals;
3. calculate the mean m(t) of the two envelopes;
4. subtract m(t) from x(t) to obtain a candidate d(t) for
IMF, i.e. d(t) = x(t)−m(t);
if d(t) has a zero mean and the number of zero crossings
and extrema are equal or differ by one then
d(t) is an IMF;
else
x(t) = d(t);
x(t) = x(t)− d(t);
Algorithm 2.2: EMD algorithm for a single-channel signal [13, 14]
the images retrospectively.
Other image-based approaches proposed include 2D tracking of these
catheters [117, 118], idea which was also extended to 3D under epipolar
constraints [119]. In a framework specific to pulmonary vein isolation, an
ellipsoidal ablation catheter was tracked in fluoroscopic images of atrial
fibrillation abaltion [118]. The motion at the targeted ablation site was
estimated by fitting the ellipsoid to the current x-ray view via a distance
map registration. Later, the information about the CS catheter motion was
also incorporated [117, 119]. One important study outcome was that the
CS catheter data was not relevant to the cardiac and respiratory motion
at the ablation site, since their targeted pulmonary veins were far from the
CS, itself located between the left atrium and ventricle. They concluded
that the CS catheter could be better used to estimate global movement of
the ablation catheter from one pulmonary vein to the next [120].
The respiratory and cardiac motions have also been estimated from 3D
electroanatomical mapping datasets [121], where electrical and anatomical
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information was processed from 3D position recordings of the sensor at the
ablation catheter tip. The proposed scheme simplified the motion model by
extracting respiration and cardiac motion from fixed frequency bands after
analysing the catheter tip readings in the Fourier domain. Other methods
fitted a model of motion to the catheter tip either by simplifying it to a
radial motion of corresponding points with respect to the cardiac chamber
centre [122], or by parameterising a bilinear atlas of patient-specific shapes
and deformations [123]. However, these methods assumed a uniform spread
of the mapping points in space.
While respiratory gating has become an available software option in elec-
troanatomical mapping systems such as CARTO R©, efforts have been made
to correct fluoroscopy images used as alternative guidance for the same type
of cardiac procedures. One of the first attempts tracked the diaphragm in
real-time X-ray images [124]. Simultaneously, [125] developed their own car-
diac and respiratory motion tracking for X-ray angiograms. They detected
the motion energy signal by integrating over the phase shift in a series of reg-
istered images, thus deriving the cumulated cardiac and respiratory motion
shift. The signal was then separated using low and high-pass filters.
For assessment and limitation of the slippage of the tip of the catheter,
an ablation catheter with an attached fibre endoscope was used to track the
target ablation point [126]. The device delivered an ablating impulse via the
optical fibres. It was deployed for the ablation of pulmonary vein origins in
LA where the target features are easy to identify. The particularity of this
application highlights the requirement for a more general guidance system,
usable for areas with less detectable features such as the endocardial wall.
2.7. Ablation Modelling
Over the years, there have been many developments in producing a model
of tissue changes under the application of RF energy in order to understand
patient-specific behaviour in all pre-, intra-, and post-operative phases. In
[39], an eikonal model was used to simulate the tissue conductivity changes
during RF ablation. Data from retrospective cardiac arrhythmia studies
was used for personalisation.
Most of the work in ablation modelling follows a finite element approach
of decomposing the tissue in linear homogeneous parts. The cooling and
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dissipative effect of the endocardial blood flow have also been incorporated
into ablation models [127], with the result of new temperature distribution
profiles and the assessment of the fluid flow effect on the lesion dimension.
Moreover, the ablation efficiency was also quantified. The study was per-
formed on in vitro data.
In a comparative study of temperature-controlled and constant-power RF
ablation, the ablation efficiency of the two methods were computed on a 3D
finite element model [128]. In the temperature-controlled application, the
voltage was modulated in order to maintain the electrode tip at the protein
denaturation temperature of 56◦, whereas in the constant power mode, the
delivered energy was maintained within 3% of the target. The ablation
efficiency was computed as the minimum energy needed to ablate a lesion
of a predefined volume.
In early ablation models, electrode geometry and tissue-electrode angle
were regarded as defining parameters of the ablation outcome [129]. Their
influence on temperature distribution, lesion size, and power requirements
were studied. It was established that more power is needed if the catheter
has a 45◦ elevation from the tissue, causing larger deeper lesions. Also,
with increasing blood flow rate, more power is needed. These findings were
validated against data acquired from in vitro ablations of bovine heart.
A complete model of blood, myocardium, and ablation catheter was pro-
posed in [130]. The finite element model allowed for dynamic changes of
the parameters, which also spurred the novel assessment of the computa-
tional challenge behind the ablation model. Both power- and temperature-
controlled studies were performed.
In more recent years, the research shifted towards direct lesion assess-
ment. Lesion visualisation was the main goal in [131] and a temperature
profile development was proposed. Based on generic physiological tissue
parameters and heat transfer principles, the lesion can be followed close to
real-time. The temperature model was validated on ex vivo bovine muscle,
while the ablation was emulated. The work in [131] was an extension of the
previous model in [132], where the changes during ablation were used as
feedback on therapy delivery. In addition to the temperature distribution,
the geometry of the generated lesion was estimated. In every computa-
tional cycle of the model, the electrical and thermal properties of the region
of interest are updated to reflect the changes that would occur in the real
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tissue.
In addition to lesion formation, catheter-endocardium contact is a second
factor influencing the ablation result. In [133], the resistance between the
catheter tip electrode and the dispersive electrode was monitored through-
out the ablation in order to predict the tip contact. The finite element
model included the deformation of the tissue surface caused by electrode in-
sertion. This data was extracted from intraprocedural X-ray and the model
was validated on bovine myocardium.
Intraoperative imaging was also used for visualisation of lesion formation
in the first MRI-guided cardiac RF catheter ablation [134]. The scars were
detected 2 min after the RF ablation, reaching a maximum size after 5 min in
gadolinium-enhanced images. The MRI lesion size correlated well with the
postmortem findings. Despite the strong argument of accuracy of delayed
enhancement MRI, the major drawback of this scar visualisation technique
is the time delay for the setting of the contrast agent.
2.8. Conclusion
There is an increasing interest in computer guidance and elaborate hard-
ware for electrophysiology procedures with the purpose of creating efficient
ablation lesions with a stable catheter tip. In this framework, the efforts
are channelled towards new driving mechanisms and new catheter materi-
als. Patient-specific and operator-side navigation software currently plays
only small roles intraoperatively, despite potential improvement by learning
standard procedural steps from large subject databases.
Two of the paramount stages of a fast and successful cardiac ablation
procedure are the pre-procedural planning and post-procedural assessment.
These two steps are closely related in terms of methods and input param-
eters. In both scenarios, the endocardial anatomical reconstruction is the
starting point. The algorithms should specify the location of the mapping
points where the electrical information should be recorded in order to create
an accurate electrical activation model.
Secondly, it is important to predefine the desired ablation point. The elec-
troanatomical mapping tools offer integrated information on the structure
of the heart and its electrical activations. However, the decision making is
largely the task of the interventional cardiologist and is based on their skill
68
and experience. To this end, there is no computerised support to transfer
the skill of experienced clinicians onto new cases and novice cardiologists.
Therefore, there is a great need for online guidance in the ablation point
selection.
In this regard, it is hypothesised that patients diagnosed with the same
type of arrhythmia and in the same cardiac chamber are treated with abla-
tion at the same electroanatomical landmarks. This assumption is simplified
thanks to the homogeneity of the datasets collected for this research. While
the primary information, i.e. the electrical activation wave, can easily be
reconstructed, secondary information such as conduction paths and best
points of ablation are not available intraoperatively. Moreover, there is cur-
rently no integrated software to analyse previous ablation procedures and
predict tachycardia termination points.
At the execution stage, the concern about endocardial stability is impor-
tant for both efficient ablation, but also for safety in delicate areas. The
catheter tip could come in contact with an undesired patch of tissue and
additional damage can be caused to the cardiac muscle. Its accurate and
stable positioning during the delivery of RF impulses remains a challenge
due to the endocardium motion from multiple sources (cardiac cycle and
respiration) and inevitable slippage of the catheter tip.
Additionally, there is a lack of integration of electroanatomical data into
models of cardiac catheter ablation. The thermal phenomena induced in
ablated tissue have only been described so far from a general physical point
of view with the help of computationally expensive finite element models.
However, intraoperatively there are various electrical datasets that can be
used to implement faster personalised simulation of RF catheter ablation,
such as the subject-specific LAT, bipolar and unipolar voltage maps.
Finally, the common drive for the above proposed research directions is
improved intraoperative guidance towards online patient-specific decision
making and accurate targeting of the optimal ablation point. The various
components of a non-exhaustive list of tools towards a complete intraoper-
ative system will be presented in the following chapters.
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3. Optimal Pre-Ablation
Electroanatomical Mapping†
3.1. Introduction
EAM is a mandatory, yet time-consuming, planning step in cardiac catheter
ablation of many complex arrhythmias, such as ventricular and atrial tachy-
cardias. In practice, interventional cardiologists target specific endocardial
areas for mapping based on personal experience, general electrophysiology
principles, and preoperative anatomical scans. Effective fusion of all avail-
able information towards a useful mapping strategy has not been standard-
ised and achieving the optimal map within time and space constraints is
challenging. In this chapter, a novel framework for computing optimal en-
docardial mapping locations in patients with CHD is proposed. The method
is based on a statistical electroanatomical model (SEAM) which is instanti-
ated from preoperative anatomy in order to achieve an initial prediction of
the electrical map. Simultaneously, the anatomical areas with the highest
frequency of mapping among the similar cases in the dataset are detected
and a classifier is trained to filter these points based on the electroanatomical
data. The framework was tested in an iterative process of adding mapping
points to the SEAM and computing the instantiation error, with retrospec-
tive clinical data of 66 CHD cases available. The workflow is depicted in
Fig. 3.1.
3.2. Motivation
Heart rhythm disorders are serious conditions affecting the cardiac contrac-
tion and output, which can lead to stroke and sudden death. Worldwide,
33.5 million people suffer from atrial fibrillation, with additional patients
†Some of the contents from this chapter were first published in [1] and [135]
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Figure 3.1.: Workflow of the proposed methods for optimal pre-ablation
EAM, combining statistical atlas modelling, followed by shape
instantiation of a new subject and iterative update of the electri-
cal activation values based on the shape and proposed mapping
points at each iteration.
presenting with atrial and ventricular tachycardias, atrial flutter and other
arrhythmias [29]. Rhythm disorders are poorly tolerated in particular by pa-
tients with CHD, such as Tetralogy of Fallot or univentricular hearts treated
by Fontan procedure. In these patients, the right ventricle has numerous
scars after surgery and the RA haemodynamics are often distorted by a
baﬄe (total cavopulmonary connection). Therefore, such patients are more
prone to life-threatening arrhythmias [136]. Because of their pre-existing
cardiac structural abnormality, scarred myocardial incisions, and abnormal
blood flow patterns, the CHD cohort is deemed one of the most challenging
patient groups when it comes to the management of heart rhythm disorders
[137].
Pre-procedural planning is a major factor in the success and duration
of cardiac catheter ablation. The state-of-the-art in intra-operative image
guidance systems such as CARTO R© or EnSiteTM VelocityTM are able to
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reconstruct the anatomy from the mapping catheter tip motion and the
electrical activation from the catheter tip electrode. However, the catheter
tip can only be in contact with the endocardium at sparse points and while
a large number of points yields better mapping accuracy, this increases
pre-procedural time. Emerging multi-electrode systems such as RYTH-
MIA HDxTM (Boston Scientific, Marlborough, MA, USA) with their basket
catheter configuration limit the reachability of narrow sites in CHD pa-
tients, despite being able to collect many mapping points in the same time
[138]. Moreover, the construction of a clinically informative map is a skill
of experienced clinicians, who are able to adapt general electrophysiology
principles to the specific CHD and patient anatomy and to decide on the
position of the mapping points.
As part of the procedural pre-planning and also for better understanding
of the electrophysiology, several electromechanical models have been pro-
posed [32, 139]. The models were built and parameterised from a small
number of measurements, thus limiting the instantiation ability at finer
level of deformed anatomy and atypical activation caused for example by
surgical scars. Other approaches focused on improving the electrophysiol-
ogy model by coupling a generic equation of the anisotropic myocardial fibre
orientation [140] and further enhancing it with ECG-derived measures [42].
However, these have proved unable to describe activation patterns measured
intraoperatively [140].
Parameterisation of shape atlases has also been in extensive use in de-
scribing cardiac anatomy. Since their introduction [101], statistical shape
models (SSM) have moved from simple shape descriptions on Riemannian
manifolds to more complicated multi-dimensional spaces such as parameters
of rigid transformations [135] and to combined statistical atlases of shape
and texture [141] or shape and pose [142], thus showing their applicability
outside the traditional point distribution models commonly implemented
in cardiac shape analysis. Furthermore, combined inter- and intra-subject
shape modelling has been used in the study of cardiac [143] and respiratory
motion [144]. In CHD patients, shape analysis on the myocardium in Tetral-
ogy of Fallot showed that disease-specific markers can be computed from
medical images [145, 146]. Moreover, the values differed significantly from
the healthy subjects, thus encouraging cohort-specific statistical analysis.
In order to improve the instantiation abilities of a model built with a
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small number of samples, artificial enlargement of the training set is often
performed. One of the first approaches is the combination of SSMs with
finite element analysis [147], where the finite element method is applied
to shapes in the original training set to generate additional local deforma-
tions. Another training set enlargement approach is based on an adaptive
focus. The algorithm first locks onto the most reliable structures and then
progresses in the hierarchical framework to model the rest of the shapes
[148]. Finally, the training set can also be enlarged by different quantifica-
tion of the wavelet transform coefficients [149]. These methods, alongside
non-rigid scaling, non-rigid movement, and noising, were tested in a com-
parative study on cardiac images, with the non-rigid deformation methods
performing best [150]. Non-rigid movement was consequently described in
more detail and applied for better image segmentation [151].
In the context of electroanatomical modelling of CHD, artificial train-
ing set enlargement is important because of the specialised cohort and the
limited number of datasets available in the clinical setting. Moreover, the
enlargement method itself should take into consideration the interplay be-
tween anatomy and electrical activation, which can be captured in an intiial
SEAM before enlargement. By following this methodology, the enlargement
step is guaranteed to generate physiologically meaningful artificial datasets.
Recently, a statistical model of electrophysiological targets in catheter
ablation of cardiac arrhythmias was also developed [152], whereby regions
of ablation interest and a target probability map, corresponding to the fre-
quency of each ablation target in the training set, were computed. How-
ever, no further model instantiation of the proposed ablation locations for
patient-specific anatomy was further pursued.
In this chapter, a novel approach for optimal electroanatomical map-
ping of CHD is proposed. Firstly, a statistical electroanatomical model is
built for each disease and cardiac chamber separately and augmented with
a training set enlargement to express new electroanatomies of the same
CHD. Secondly, the frequency of anatomical sites chosen as mapping points
in the specific CHD anatomy is computed. Finally, the vertices of a new
shape are classified into mapping and regular points based on the atlas elec-
troanatomical knowledge and sorted in descending order of their mapping
frequency across the anatomy-specific dataset. The framework was tested
on five CHD groups, adding to 66 CHD electrophysiology studies, to propose
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subject-specific mapping points location and compute the error reduction
in electrical feature instantiation of the SEAM, i.e. unipolar and bipolar
voltages and LATs. The instantiation errors from the proposed sequence of
mapping points were compared against the instantiation errors from the ret-
rospective sequence of mapping points acquired in CARTO R©. The results
showed a steeper reduction in the electroanatomical reconstruction error
when the mapping points were selected with the proposed approach.
3.3. Data Acquisition
Electroanatomical data from CARTO R© 3 studies of 66 CHD anatomies
was exported. Two CHD groups were represented: Tetralogy of Fallot (34
studies) and univentricular hearts repaired by Fontan procedure with total
cavo-pulmonary connection (32 studies). In the Fallot group, there were 21
studies of right ventricle (RV) and 13 of right atrium (RAFallot), while in
the Fontan group, there were 16 left atria (LA), 9 right atria (RAFontan),
and 7 total cavo-pulmonary connections (TCPC).
Each CARTO R© study included the preoperative MRI, the fast electroana-
tomical map (FAM) created by the mapping catheter, the unipolar and
bipolar voltages and the LAT at each FAM vertex, the list and position
of the sparse mapping points, as well as the rigid transformation from the
intraoperative manual registration of the MRI onto the FAM. The number
of mapping points varied within the same anatomy and the same CHD, with
49±35 points in RV, 35±18 in RAFallot, 33±21 in LA, 34±23 in RAFontan,
and 33±22 in TCPC. The MRI meshes were smoothed in MeshLab [153].
For each of the five groups, an analysis inspired by mutual information
was performed [154], in order to select as template the mesh that is closest
to the group mean in terms of Cartesian distance and unipolar and bipolar
voltages and LAT difference between pairwise vertices. This yielded 6206
vertices for RV, 3940 for RAFallot, 6508 for LA, 7973 for RAFontan, and 5086
for TCPC. The correspondences were chosen as the list of vertices on each
template mesh and were propagated on the other meshes using landmark-
free nonrigid registration [155]. In order to match the electrical values, the
MRI meshes were registered nonrigidly on their corresponding FAM. All
distances and electrical values were normalised within each case dataset.
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3.4. Methods
3.4.1. Statistical Models
A statistical shape model was first built to fit a new shape s to the atlas
described by the mean shape s¯ and the matrix of eigenvectors Pa. The
shape s was approximated by the SSM as sˆa from the set of parameters ba,
the result of least square optimisation. This can be represented by:
sˆa = s¯ + Paba (3.1)
Simultaneously, the correspondences on shape s built a subset of an instance
in the statistical electroanatomical model (SEAM) defined by the mean
electroanatomical vector [s¯T e¯T]T and the eigenvectors Pae. Again using
least square optimisation, the current electroanatomical vector [sT eT]T was
approximated as [sˆTae eˆ
T]T, defined by the model through the parameters
bae in Eq. (3.2). [
sˆae
eˆ
]
=
[
s¯
e¯
]
+ Paebae (3.2)
Due to least square optimisation forcing the approximated shape to converge
to the original in both models, it can be assumed that s ≈ sˆa ≈ sˆae and
therefore Pa ba ≈ Pae,sbae, whereby Pae,s is the matrix formed by the rows
of Pae corresponding to the shape vector s. Finally, the unknown parameter
vector bae and subsequently the electrical values eˆ can be recovered as in
Eq. (3.3) and (3.4), where P+ae,s = (P
T
ae Pae)
−1 ·PTae is the Moore-Penrose
pseudoinverse of Pae,s and Pae,e are the rows of matrix Pae corresponding
to the electrical value vector.
bae ≈ P+ae,sPaba (3.3)
eˆ ≈ e¯ + Pae,ebae (3.4)
Simultaneously to building the statistical models, the template meshes were
further decimated until the number of vertices was below 200, thus cluster-
ing the vertices of each template mesh around sparse points, while still
preserving the anatomy. The value of 200 was chosen empirically in order
to cover the maximal number of mapping points per anatomy in the dataset
(136 for one RV).
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Each mapping vertex of the full mesh was then approximated to the
nearest vertex of the decimated template mesh. This was performed for all
subjects within the same CHD group. The mapping frequency of each vertex
on the low-resolution mesh was defined as the sum of mapping vertices on
the full-resolution mesh, across all subjects in the anatomy-specific dataset.
3.4.2. Training Set Enlargement
CHD patients are an extremely special cohort with a smaller number of
subjects than other groups treated for cardiac arrhythmias. This is due to
the relatively low incidence of CHD in newborns, compared for example with
elderly patients who suffer myocardial infarction, but also to the smaller
percentage of operated CHD patients who reached maturity and then suffer
from rhythm disorders. These facts reduce the datasets of similar CHD
electroanatomies and population-based statistical models are more prone to
higher error due to the small training set. This hypothesis was also tested
in each of the five CHD groups, with results presented and discussed in the
next sections.
The proposed strategy for training set enlargement was based on the
adaptive-focus algorithm of Shen and Davatzikos [148] and the finite el-
ement enlargement first presented by Cootes and Taylor [147]. On each
CHD cohort, the MRI vertices were grouped into the 10 anatomical regions
according to the spatial k-means clustering algorithm in Alg. 3.1, with
initialisation as in Alg. 3.2.
Due to the Cartesian computation of the cluster centroids, these points
are not vertices of the patch. An additional step is taken to project the
centroid to the closest patch vertex, i.e., the geodesic centroid, denoted
here sae,i, i = 1, 10, with the vector including information about both the 3D
anatomical location and the electrical values of LAT, bipolar, and unipolar
voltages. The standard deviation of each of these values is computed for
each centroid vertes over each CHD training set:
σi =
{
1
N − 1
N∑
j=1
([
sae,i,j
ei,j
]
−
[
s¯ae,i
e¯i
])2} 1
2
, (3.5)
where sae,i,j is the concatenated vector of 3D position, LAT, bipolar, and
unipolar voltage of the centroid vertex of cluster i in subject j. The mean
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Initialization:
• choose k initial centroids using the k-means++ algorithm
(Alg. 3.2, adapted from [16]);
• compute the Cartesian distances d(xj , c0,i) of each mapping
point xj to each centroid c0,i, i = 1, k;
• assign each mapping point xj to the cluster i with the closest
centroid;
Result: assignment of each mapping point xj to one of the k
clusters
while cluster assignments change do
1. compute the average of all mapping points xj
in each cluster i;
2. assign the new centroids to the average of the mapping
points cn,i, i = 1, k, and n is the current iteration number;
3. compute the Cartesian distances d(xj , cn,i) of each mapping
point xj to the new centroids ck,i;
4. assign each mapping point xj to the cluster i with the
closest centroid;
Algorithm 3.1: k-means algorithm for spatial clustering of the
mapping points into anatomical areas [15], with initialisation as pro-
posed in [16].
over the N subjects s¯ae,i is computed as:[
s¯ae,i
e¯i
]
=
1
N
N∑
j=1
[
sae,i,j
ei,j
]
. (3.6)
The enlargement method proposed in this chapter acted on each vertex in
each cluster by the following rule:[
sae,i,j,Upper/Lower
ei,j,Upper/Lower
]
=
[
sae,i,j
ei,j
]
± 3σae,i (3.7)
This is the mathematical expression of piece-wise deformation within a given
cluster, where points further from the cluster centroid are deformed less,
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Initialization:
• choose randomly one of the mapping points xj as the first
centroid c1;
• compute the Cartesian distances d(xj , c1) between all mapping
points xj and centroid c1;
• select the next centroid c2 as the mapping point xj farthest
from the first centroid:
c2 = arg max
xj
d2(xj , c1)∑M
m=1 d
2(xm, c1)
,
where M is the number of mapping points;
Result: k centroids
while n < k centroids have been chosen do
1. compute the Cartesian distances d(xj , ci) of each mapping
point xj to each centroid ci, i = 1, n;
2. assign each mapping point xj to the cluster i with
the closest centroid;
3. select centroid n+ 1 as the point farthest from its assigned
cluster centroid:
cn+1 = arg max
xj
d2(xj , ci)∑M
m=1 d
2(xm, ci)
,
where i is the centroid to which point xj was assigned;
Algorithm 3.2: k-means++ algorithm for convergence-accelerating
initialisation of the k-mean algorithm in Alg. 3.1.
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Data:
• (ytrain, [xtrain ytrain ztrain unitrain bitrain LATtrain]),
ytrain ∈ {0, 1}, where 0 denotes regular vertex and 1 mapping
vertex.
• number of mapping vertices is significantly lower than the
number of regular vertices, i.e. n1  n0.
• ([xtest ytest ztest unitest bitest LATtest])
• weak learner,
which does not necessarily yield a good initial classification.
Initialisation: w1,i =
1
ntrain
, i = 1, ntrain, where wk,i is the weight
of sample i in iteration k and ntrain is the number of samples in
the training set;
while preset number of iterations not reached do
1. subsample from the full set using the weights wk,i,
i = 1, ntrain;
2. feed the subset and the weights to the learner;
3. learner estimates the labels of the training data;
4. update the weights with the classification error;
Result: ytest
Algorithm 3.3: RUSBoost classification algorithm for computing
mapping points on a given EAM. Adapted from [17].
inversely proportional to their geodesic distance from the centre. Each re-
gion was deformed in both an upper and lower mode independently from
the other clusters and additionally to the undeformed state, thus yielding
310 deformation combinations for each subject j. In total, the piece-wise
deformation enlargement algorithm was able to generate N × 310 new elec-
troanatomies from N original subjects in each CHD group.
3.4.3. Classification
After updating the SEAM training set with the artificial electroanatomies,
a new shape was first instantiated on the SSM and the fitting parameters
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were used to derive a first approximate of the corresponding electrical values.
RUSBoost classification of the vertices and their computed LAT, bipolar,
and unipolar voltages on the new instantiated shape was performed in order
to define target mapping areas (Alg. 3.3). This particular boosting algo-
rithm is suitable for classes with imbalanced numbers, i.e., regular vertices
vs. mapping vertices [17]. The features on which the classifier is trained
are the concatenated normalised coordinates of all shapes in the database
[x y z] and their corresponding normalised electrical features [uni bi LAT].
The anatomical features in the test set [xtest ytest ztest] are the normalised
Cartesian coordinates of the current shape sa, while the unipolar (uni) and
bipolar voltages (bi) and the local activation time (LAT) are the normalised
electrical features estimated from the SEAM Eq. (3.4).
3.4.4. Iterative Addition of Mapping Points
In order to assess the performance of the proposed framework, the com-
puted mapping points were added iteratively to the SEAM in decreasing
order of their probability. In each iteration, the known shape vector sae
was enhanced with the electrical features of the computed mapping ver-
tices. The electrical parameters of the remaining vertices were estimated as
in Eqs. (3.3) and (3.4). The instantiation error was compared to the one
obtained from the ground truth mapping points. For each electrophysiology
study, the number of iterations was equal to the number of mapping points
exported from CARTO. The iterative instantiation is presented compara-
tively in Alg. 3.4.
3.5. Results
3.5.1. Statistical Models
Tab. 3.1 shows the first mode of variation of the SEAM for each anatomy,
computed as: [
sae,Upper/Lower
eUpper/Lower
]
=
[
s¯ae
e¯
]
± 2
√
λm · um, (3.8)
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Data:
• decimated template mesh and mapping frequency of each
vertex, computed according to Sec. 3.4.1
• descending order of the vertices on the decimated mesh
according to mapping frequency (cluster vertices)
• nP number of CARTO R© mapping points
Initialisation: perform SEAM according to Eq. (3.2–3.4);
for i← 1 to nP do
Proposed framework Ground truth
1. classify vertices on instan-
tiated electroanatomy;
2. select only vertices
mapped to the cluster
vertex with i-highest
probability;
3. perform SEAM as in Eq.
(3.2–3.4);
1. add mapping vertices
corresponding to the next
chronological CARTO R©
point;
2. perform SEAM as in Eq.
(3.2–3.4);
Algorithm 3.4: Iterative addition of mapping points for SEAM
with points computed from the proposed framework and points
added chronologically from the ground-truth CARTO R© point list.
where λm is the m-th eigenvalue of the covariance matrix C in Eq. (3.9),
and um is the corresponding eigenvector.
C =
1
N − 1
N∑
j=1
([
sae,j
ej
]
−
[
s¯ae
e¯
])
·
([
sae,j
ej
]
−
[
s¯ae
e¯
])T
(3.9)
Among the noticeable features, the SEAM is able to describe the variation
in the amount of septal activation in RV and the atrial dilatation, a com-
mon issue in CHD. Cross-validation on a leave-one-out basis was performed
within the dataset of each CHD anatomy. The mean instantiation errors
for shape and electrical properties were also computed. The shape instanti-
ation error errs was evaluated in terms of mean Cartesian distance between
SEAM-computed vertices position and ground truth, while the error for the
81
RV RAFallot RAFontan LA TCPC
Figure 3.2.: Clustering of vertices according to anatomical k-means for the
training set enlargement in each of the anatomies. Different
colours represent different clusters. The mesh orientation is
given by the superior-inferior axis (red), left-right axis (black),
and anterior-posterior axis (green).
electrical values was computed as vertex-wise L1-norm between the true and
estimated parameters.
The mapping frequency of the vertices on the low-resolution template
mesh of each anatomy was computed according to Sec. 3.4.1 (Tab. 3.1).
The atlas of mapping frequency was also built on a leave-one-out basis,
as for SEAM validation. The atlas was further used in ranking potential
mapping points in decreasing order of their probability and added iteratively
to refine the SEAM instantiation. The resulting colour-coded maps in Tab.
3.1 indicate the outflow tract in the RV (1 in Tab. 3.1) and the interatrial
septum (2 in Tab. 3.1) as frequent mapping areas.
3.5.2. Training Set Enlargement
The vertices on MRI meshes were clustered with the k-means algorithm in
Alg. 3.1, resulting in 10 anatomical regions on the template meshes. The
clustering result is displayed for all CHD anatomies in Fig. 3.2.
For each subject, the training set of N −1 remaining shapes was enlarged
on a leave-one-out basis, resulting in (N − 1) · 310 possible shapes for each
of the N leave-one-out tests in each CHD group. Examples of anatomical
enlargement on 6 patches of RV are shown in Tab. 3.3.
The SEAM modes of variation of the enlarged training set are plotted in
Tab. 3.4. Compared to the modes of variation of the original dataset in
Tab. 3.1, it can be seen that the new model is able to describe more detailed
anatomical features, such as the positioning and orientation of the outflow
tract in the RV and the angulation of the vena cava in the RA (lines 1 and
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Table 3.1.: SEAM modes of variation for each anatomy, with variations of
two standard deviations from the mean electroanatomy, and fre-
quency of vertices selection as mapping points across the en-
tire database. The mesh orientation is given by the superior-
inferior axis (red), left-right axis (black), and anterior-posterior
axis (green). 1 – RV outflow tract, 2 – interatrial wall.
c©[2017]Springer[1]
-2σ mean +2σ map freq.
R
V
[ms] [ms] [ms] [%]
100 30 -20 100
87.5 17.5 -40 75
75 5 -60 50
62.5 -7.5 -80 25
50 -20 -100 0
R
A
F
a
ll
o
t
[ms] [ms] [ms] [%]
100 5 -50 100
80 -2.5 -62.5 75
60 -10 -75 50
40 -17.5 -87.5 25
20 -25 -100 0
R
A
F
o
n
ta
n
[ms] [ms] [ms] [%]
50 14 0 100
42.5 10 -12.5 75
35 6 -25 50
27.5 2 -37.5 25
20 -2 -100 0
L
A
[ms] [ms] [ms] [%]
85 8 -50 100
75 3 -57.5 75
65 -2 -65 50
55 -7 -72.5 25
45 -12 -80 0
T
C
P
C
[ms] [ms] [ms] [%]
70 0 -60 100
55.5 -7.5 -67.5 75
40 -15 -75 50
25.5 -22.5 -82.5 25
10 -30 -90 0
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Table 3.2.: SEAM instantiation errors. The mesh orientation is given by the
superior-inferior axis (red), left-right axis (black), and anterior-
posterior axis (green).
shape unip. volt. bip. volt. LAT
R
V
[mm] [mV] [mV] [ms]
10 3.3 3.2 45
8 2.65 2.5 36.25
6 2 1.8 27.5
4 1.35 1.1 18.75
2 0.7 0.4 10
3.6± 2.4 mm 1.5± 1.2 mV 1.3± 1.5 mV 19.7± 12.6 ms
R
A
F
a
ll
o
t
[mm] [mV] [mV] [ms]
6.8 1.0 0.7 100
4.75 0.8 0.55 77.5
3.7 0.6 0.4 55
2.65 0.4 0.25 32.5
1.6 0.2 0.1 10
3.5± 3.1 mm 0.5± 0.3 mV 0.3± 0.2 mV 32.2± 17.6 ms
R
A
F
o
n
ta
n
[mm] [mV] [mV] [ms]
12 3.5 2.5 76
9.4 2.75 1.9 59.5
6.8 2 1.3 43
4.2 1.25 0.7 26.5
1.6 0.5 0.1 10
2.2± 2.0 mm 0.9± 1.9 mV 0.9± 1.8 mV 21.0± 13.3 ms
L
A
[mm] [mV] [mV] [ms]
5.4 2.8 2.6 48
4.3 2.15 2 38
3.2 1.5 1.4 28
2.1 0.85 0.8 18
1 0.2 0.2 8
5.2± 4.4 mm 1.1± 1.0 mV 0.7± 0.8 mV 32.3± 12.8 ms
T
C
P
C
[mm] [mV] [mV] [ms]
12.8 7.5 6.9 65
10.05 5.7 5.2 50
7.3 3.9 3.5 35
4.55 2.1 1.8 20
1.8 0.3 0.1 5
4.0± 4.2 mm 1.3± 2.5 mV 1.2± 2.5 mV 24.2± 17.6 ms
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Table 3.3.: Enlargement of training set for the SEAM, example of 6 RV
regions, with enlargement of 3 standard deviations about the
mean. The lower mode (-3σ) is in yellow and the upper mode
(+3σ) is in blue. The electrical maps show results for the LAT
training set enlargement. The mesh orientation is given by the
superior-inferior axis (red), left-right axis (black), and anterior-
posterior axis (green).
shape -3σ original +3σ [ms]
110
70
30
-10
-50
90
65
40
15
-10
80
55
30
5
-20
80
55
30
5
-20
80
50
20
-10
-40
100
70
40
10
-20
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2).
The results of SEAM instantiation after training set enlargement are plot-
ted in Tab. 3.5 and confirm a marked reduction of the instantiation error.
3.5.3. Classification
The adapted RUSBoost classifier was cross-validated CHD-specifically by
training and testing it on normalised electroanatomical values within the
same anatomical group. Overall, the accuracy averaged at 67.9 %, with a
true positive rate (sensitivity) of 54.3 %. The high accuracy at low sensitiv-
ity in RAFontan indicates that the true negative rate is high, i.e. the model is
reluctant to recommend a vertex as a mapping point if not enough previous
cases are available.
3.5.4. Iterative Addition of Mapping Points
Mapping points selected by the classifier and ordered by their mapping fre-
quency according to the anatomy-specific atlas were added iteratively to the
SEAM to improve its performance and test the contribution of the proposed
mapping points. Starting with no electrical information (original SEAM),
the unipolar and bipolar voltages and LATs of vertices in the regional clus-
ter with i-highest mapping probability were added in iteration i. Fig. 3.3
shows snapshots of the improvement over 3 iterations for a RV. Tab. 3.6 also
includes the curves of error reduction for one case of each CHD anatomy.
3.6. Discussion and Conclusion
EAM as pre-procedural planning of cardiac catheter ablation is a patient-
specific and time consuming step which requires high skills and knowledge
from the electrophysiologist. In this chapter, a novel combination of sta-
tistical EAM model instantiation and classification is employed in order to
compute areas of potential interest based on previous cases of similar disease
and on patient preoperative anatomical data.
The chain of methods relies on the instantiation of a pure shape model
from known anatomy and the direct substitution into a combined SEAM
to recover the electrical data (Fig. 3.1). In order to enhance the modelling
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Table 3.4.: SEAM modes of variation for each anatomy after training set
enlargement, with variations of two standard deviations from
the mean electroanatomy. The mesh orientation is given by the
superior-inferior axis (red), left-right axis (black), and anterior-
posterior axis (green).
-2σ mean +2σ
R
V
[ms] [ms] [ms]
13 10 260
11 7.5 210
9 5 160
7 2.5 110
5 0 60
R
A
F
a
ll
o
t
[ms] [ms] [ms]
1.7 1.1 450
1.4 0.85 350
1.1 0.6 250
0.8 0.35 150
0.5 0.1 50
R
A
F
o
n
ta
n
[ms] [ms] [ms]
9 5.5 300
7 4.25 250
5 3 200
3 1.75 150
1 0.5 100
L
A
[ms] [ms] [ms]
4 2 300
3 1.25 237.5
2 0.5 175
1 -0.25 112.5
0 -1 50
T
C
P
C
[ms] [ms] [ms]
30 30 250
22.5 22.5 200
15 15 150
7.5 7.5 100
0 0 50
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Table 3.5.: SEAM instantiation errors after training set enlargement. The
mesh orientation is given by the superior-inferior axis (red), left-
right axis (black), and anterior-posterior axis (green).
shape unip. volt. bip. volt. LAT
R
V
[mm] [mV] [mV] [ms]
8.9 3.4 2.9 40
7.15 2.7 2.3 32.2
5.4 2 1.7 24.4
3.65 1.3 1.1 16.6
1.9 0.6 0.5 8.8
1.5± 2.0 mm 0.9± 0.9 mV 0.7± 0.9 mV 11.2± 9.2 ms
R
A
F
a
ll
o
t
[mm] [mV] [mV] [ms]
8 0.7 0.7 60
6.4 0.55 0.55 37.5
4.8 0.4 0.4 35
3.2 0.25 0.25 22.5
1.6 0.1 0.1 10
1.6± 2.3 mm 0.2± 0.2 mV 0.2± 0.1 mV 21.0± 13.3 ms
R
A
F
o
n
ta
n
[mm] [mV] [mV] [ms]
12.6 2.2 2.1 64
10.4 1.7 1.6 50.5
8.2 1.2 1.1 37
6 0.7 0.6 23.5
3.8 0.2 0.1 10
1.2± 1.8 mm 0.2± 0.6 mV 0.2± 0.5 mV 11.1± 10.1 ms
L
A
[mm] [mV] [mV] [ms]
5.4 3.8 3.7 40
4.3 2.9 2.8 32
3.2 2 1.9 24
2.1 1.1 1 16
1 0.2 0.1 8
3.0± 9.0 mm 0.5± 0.6 mV 0.4± 0.7 mV 23.1± 7.5 ms
T
C
P
C
[mm] [mV] [mV] [ms]
10.9 6.3 6.4 52.8
8.5 4.75 4.8 41.3
6.1 3.2 3.2 29.8
3.7 1.65 1.6 18.3
1.3 0.1 0 6.8
2.3± 3.6 mm 0.3± 1.7 mV 0.1± 1.5 mV 16.4± 16.3 ms
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Table 3.6.: Accuracy and sensitivity of the RUSBoost classifier and SEAM
error reduction with the addition of mapping points computed by
the proposed method (green) when compared with the addition
of CARTO R©-exported mapping points (red).
c©[2017]Springer[1]
RV RAFallot RAFontan LA TCPC
acc
[%]
66.6 64.2 68.6 66.2 73.8
sens
[%]
71.5 60.3 36.8 50.8 52.2
erruni
[mV]
1.1
0.9
0.58
0.5
0.605
0.6
1.05
0.95
1.41
1.37
errbi
[mV]
0.9
0.88
0.32
0.31
0.37
0.35
0.83
0.82
0.842
0.84
errLAT
[ms]
120
80
280
240
89.0
84.0
145
132
145
137
24 points 70 points 78 points 58 points 33 points
original SEAM 30 points 60 points 90 points ground truth
p
ro
p
os
ed
[ms]
90
70
50
30
10
C
A
R
T
O
R ©
Figure 3.3.: Iterative addition of mapping points for a RV. Comparison
of proposed combined SEAM-classification method with the
chronological addition of mapping points as exported from
CARTO R©. The electroanatomical maps show electrical prop-
agation in terms of LAT. The ground truth is the CARTO R©-
exported LAT map. c©[2017]Springer[1]
89
capabilities, a novel training set enlargement technique is also proposed.
While initial results presented in Tab. 3.5 are promising, the method relies
on the approximation that the shapes in the two models are equal. A
quantitative analysis showed that they differ in reality by an average of
3 mm, which is in the range of the shape recovery error of the SEAM.
The proposed framework was tested in an iterative addition of the com-
puted mapping points to the SEAM. The error curves in Tab. 3.6 show good
results for a large representative training dataset, e.g. RV (21 cases), but
inconclusive results for a database smaller than 10 subjects (e.g. TCPC).
Moreover, a statistical analysis on CHD electroanatomy was only possible
due to the electrical activation pattern homogeneity, which needs further
investigation in application to other patient groups, such as myocardial in-
farction survivors. While the sensitivity and accuracy in Tab. 3.6 were
relatively low, this does not hinder the applicability of the framework. The
cardiologist can choose mapping points independently of the algorithm’s
prediction and use the region-of-interest guidance in case of uncertainty.
Due to the use of a mapping frequency atlas computed from similar cases,
the method of iterative addition of new mapping points is guaranteed to give
a clinically relevant acquisition order for optimal coverage of the anatomy.
Moreover, the algorithm is adaptive and the reiteration of the SEAM with
each new mapping point acquisition is dynamic, thus being also able to
incorporate intraprocedural actions of the electrophysiologist and consider
new points previously unseen in the atlas.
In conclusion, a novel method for objective identification of EAM areas
was proposed. The framework can be regarded as a first step in computer-
aided standardisation of pre-procedural mapping in cardiac catheter abla-
tion and can be used to transfer expert knowledge to trainees. Moreover,
targeted patient-specific EAM can help in reducing the overall intervention
time and to effectively detect potential ablation sites.
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4. Macro-Reentrant Tachycardia
Circuit Reconstruction†
4.1. Introduction
Macro-reentrant atrial and ventricular tachycardias are common arrhyth-
mias in patients with operated structural heart disease and myocardial in-
farction. The rhythm disorders originate from additional electrical pathways
which loop around the heart chamber and superimpose abnormal electrical
stimulation to the one from the natural pacemaker. These macro-reentrant
circuits can be interrupted by a continuous linear RF ablation lesion tran-
secting the pathways. The correct identification of the reentrant circuit
and the optimal placement of the transecting ablation line is highly influ-
enced by the operator’s experience and the quality of the intraoperative
electroanatomical map. These parameters may limit the ablation success,
increase its duration, cause unnecessary ablation scar and also result in
readmission once the tachycardia re-establishes its path.
In this chapter, several stages of electroanatomical guidance in ablat-
ing macro-reentrant tachycardias are proposed. Firstly, an algorithm for
automatic identification of the tachycardia reentry path is presented and,
secondly, a framework for decision guidance of the optimal ablation point
of that path is added. The reentry path is computed as the solution to
a graph traverse problem, while the ablation point proposal is based on
learning from a database of similar cases.
Finally, the proposed method is applied to sparse electroanatomical data
to demonstrate its use when undersampled mapping occurs. Thirteen elec-
troanatomical maps of different cardiac chambers of CHD patients were
analysed retrospectively for validation. The ground truth for both tachy-
cardia circuit and proposed ablation points were the points marked by the
†Content from this chapter was published in [2]
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clinician intraoperatively and the actual ablated points.
4.2. Motivation
In recent years, catheter ablation of cardiac arrhythmias has moved from
ablation of ‘simple’ substrates like accessory pathways to more complex ar-
rhythmias such as atrial or ventricular tachycardia or fibrillation. The state-
of-the-art in intraoperative guidance for mapping and ablating tachycar-
dias in CHD is electroanatomical mapping with systems such as CARTO R©,
which derives the dense electroanatomy from electrical and position values
at sparse contact points of the catheter tip and the cardiac wall. With each
point acquisition, CARTO R© interpolates the electrical parameters across
the FAM using a preset distance threshold. From the LAT map, CARTO R©
is able to simulate the activation wave based on a sequential plot of acti-
vation time geodesics. Despite the advances in electrical activation recon-
struction, establishing the path of fastest conduction, i.e., the main ectopic
propagation circuit, and correlating it with the location of fibrotic tissue
shown on the bipolar voltage map are still operator-dependent skills. More-
over, raw data, especially if incomplete due to limited sparse acquisition,
can cause confusion for novice interventionists [156].
Intra-operatively, the electrophysiologists guide themselves in locating the
circuit by entrainment mapping. They measure the post pacing interval at
the reset of the tachycardia to see if the circuit was entered successfully.
Naturally, with increasing numbers of mapping and pacing points, the acti-
vation and voltage amplitude maps become more accurate. However, there
is a trade-off between mapping time and resolution. Moreover, if the abla-
tion site is, by error or misinterpretation of the mapping data, far from the
conduction path, repeated energy delivery will be required, causing more
tissue damage than necessary. Successful ablation is declared if the mapped
tachycardia is terminated during energy delivery and no longer inducible.
In order to understand the underlying mechanisms of macro-reentrant
tachycardias, different electrophysiological models have been proposed for
simulation. They use general electrical wave propagation principles applied
to the cardiac tissue and anatomy and personalised with electromechan-
ical parameters from preoperative imaging. Although the well-established
CARTO R© and the EnSiteTM VelocityTM non-contact electroanatomical map-
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ping technology are preferred in clinical practice, the electroanatomical
models can also provide the cardiologists with activation time maps and
potentially voltage information. Among the least computationally expen-
sive frameworks are the eikonal model for conduction parameter estimation
at macro-scale [32, 38], but also simplified biophysical ionic channel models
[37] or mono-domain models such as Lattice-Boltzmann [42]. Fast March-
ing, an adaptation of the graph traverse Dijkstra algorithm, is typically
used to solve the differential equations in these models. The solution of
these equations can be mapped on 3D anatomy in order to mimic the infor-
mation output of electroanatomical mapping systems. Alternatives to these
classical biophysical approaches are the models of propagation in cellular au-
tomata [45] and the estimation of pathways as a minimal cost graph traverse
formulation [46], the latter having been used for qualitative identification of
the normal conduction along the Purkinje fibres.
This chapter proposes a novel approach for the detection of tachycardia
propagation path based on graph traverse theory by using the mapping data
directly and without the need for simulation or electroanatomical model fit-
ting. Furthermore, the point in the circuit of the highest termination proba-
bility was computed. The algorithms were tested for repeatability in sparse
mapping conditions when fewer points are acquired. The proposed method
was validated with data from 13 patients with previous CHD surgery and
suffering from atrial or ventricular reentrant tachycardias.
4.3. Data Acquisition
CARTO R© 3 studies of macro-reentrant right ventricular and left and right
atrial tachycardia were collected – 4 RV, 6 RA, 2 LA, 1 total cavopulmonary
connection (TCPC). Each study contained a 3D endocardial surface of the
cardiac chamber, with a corresponding set of LATs, bipolar voltages, and
unipolar voltages for each surface vertex. The anatomical meshes were
smoothed with Poisson reconstruction, threshold set as the default 6, in
MeshLab [153]. The electrical data at the new vertices were interpolated
linearly from the values on the original meshes. The latest and earliest
activation times with respect to the end-diastolic ECG peak (R peak) were
extracted. The input data required by the proposed method is independent
of the CARTO R© system, as long as the electroanatomical information can be
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recovered with another technology, e.g. EnSiteTM VelocityTM, or modelled
using any biophysical or electrophysiological principles.
4.4. Methods
4.4.1. Macro-Reentrant Circuit Reconstruction
In preparation of applying the proposed method, the earliest and latest ac-
tivation times, as exported from CARTO R© with respect to the end-diastolic
R peak of the ECG, were marked in each study. These represent the start
and the end of the activation sequence and should ideally be very close to
each other in an electroanatomical map of reentrant tachycardia.
The macro-reentrant circuit was computed as the shortest path between
the two vertices with the earliest and the latest activation times, i.e. the
lowest and highest value of LAT. The FAM was used as a 3D graph, with the
mesh edges as graph edges and the vertices the graph nodes. Additionally,
the electrical activation was modelled as a weighted graph traverse problem,
were each edge was added to the propagation path depending on the speed
by which the wave moves between the two endpoints of the edge. This was
computed from the known Cartesian distance between the two points and
their LATs. Two other factors that added information about the local tissue
conductivity were included in the weights: the mean unipolar and bipolar
voltages of the edge. Thus, the weight of an edge between vertex i and
vertex j was defined as:
wi,j =
di,j
|LATi − LATj | ·
Vuni,i + Vuni,j
2
· Vbi,i + Vbi,j
2
, (4.1)
where di,j is the Cartesian distance between vertex i and vertex j. The
potentials Vuni and Vbi are unipolar and bipolar voltages, respectively. The
inclusion of the tissue conductivity modelled the path bending around ar-
eas of slow conduction, i.e. low voltage. These are scar areas, i.e., tissue
fibrosis, which are not conductive and should be avoided when computing
the propagation path.
Finally, the graph was traversed with the weighted Dijkstra algorithm
[157]. While the earliest and latest activation points on the FAM should
be neighbouring, this is not the case with the current EAM systems. In
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(a) (b)
Figure 4.1.: (a) The EAM software interpolates a thin artificial strip of ac-
tivation opposite to the true circulation of the tachycardia. (b)
The EAMs represent only a part of the targeted chamber. For
example in a right ventricle in CHD, the interventionist rarely
maps the apex. The red mesh is the intraoperative FAM, while
the blue mesh is the preoperative MRI surface.
some cases, CARTO R© artificially fills the space between the two extreme
points with interpolated values for a milder gradient descent (Fig. 4.1(a)),
while in others, the anatomical map is incomplete because some areas were
considered of no interest for the procedure (Fig. 4.1(b)). Such an area is,
for example, the right ventricular apex, which is not a potential ablation
target for CHD patients.
To force a complete circuit closing around the entire chamber, the weighted
Dijkstra algorithm was split into several applications, summarised and ex-
emplified on a right ventricle in Alg. 4.1.
4.4.2. Tachycardia Termination Point Detection
The thirteen reentrant tachycardia studies were deemed a valuable database
for leave-one-out learning of the electroanatomical features of potential ab-
lation points. In the preprocessing of the dataset, the steps in Alg. 8 were
performed.
In order to learn how to label new points according to the known elec-
trical features, the random undersampling boosting classifier (RUSBoost,
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Data: earliest and latest activation points
Result: macro-reentrant circuit
begin
weighted Dijkstra
1. earliest activation point −→ latest activation point,
2. earliest activation point −→ mid-activation point on the
complementary path (opposite to the middle of the path
in the first step),
3. mid-activation point on the complementary path −→ latest
activation point.
step 1 step 2 step 3
Algorithm 4.1: Sequence of the weighted-Dijkstra application for
the macro-reentrant tachycardia in Fig. 4.1. The visual example is
of a right ventricle, with the LATs encoded as in the colour map.
The minimal cost path is marked with black. The ablation points
exported from CARTO R© are red.
introduced in [17]) was adapted. The new version is described in Alg. 4.3.
RUSBoost was chosen because of its good performance in case of imbal-
anced classes of labels. This is the case for the prediction of potential
ablation points, since along one path, there are far less points to be ablated
than regular points which need to be preserved.
4.4.3. Subsampling of Electroanatomical Maps
The ablation procedure is declared successful if the tachycardia is termi-
nated due to energy delivery, is not inducible in the acute follow-up, and
does not reoccur in the long term. The immediate success of cardiac abla-
tion can be established by electrical remapping. Using the electroanatomi-
cal map acquired in he procedure preparation step, the interventionist can
discard the electrical (functional) information and keep the 3D surface rep-
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Data:
• reentry paths for all studies
• ablation points of each study
Result: concatenated vectors for each electrical features for
regular and ablation path points
begin
for all studies do
1. normalise the unipolar and bipolar voltages and LATs
for all points along the path.
2. project the ground truth ablation points from CARTO R©
on the path, to zero the systematic error which might
have occurred in the path reconstruction step.
The projection is the nearest path point in the geodesic
sense.
3. label each point on the path as either regular point or
ablation point.
concatenate all normalised unipolar and bipolar voltages,
LATs and labels along all studies, except one.
Algorithm 4.2: Preprocessing for ablation and regular point clas-
sification
resenting the endocardial anatomy.
The hypothesis of this work is that by positioning the catheter in certain
anatomical points which where deemed useful in the mapping step, a new
functional map can be interpolated to analyse the new electrical activation
after ablation. The benefit of the sparse post-ablation acquisition is fast
testing and simulation of ablation results.
This chapter proposes a method of electroanatomical subsampling which
can determine the most useful mapping areas for generating an image of the
complete electrical activation.
Electrical Data Interpolation
In the CARTO R© electroanatomical mapping system, the acquisition of a
new point is followed by an iteration of electroanatomical parameter inter-
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Data:
• (ytrain,i,LATtrain,i,bitrain,i, unitrain,i), i = 1, ntrain and
ytrain,i ∈ {0, 1}, where 0 denotes regular path point and 1
termination, as marked in CARTO R©
• number of termination points is significantly lower than
the number of regular path points, i.e. n1  n0
• (LATtest,i,bitest,i,unitest,i), i = 1, ntest
• learner
Result: ytest,i = 0 or ytest,i = 1, p(ytest,i = 1), and p(ytest,i 6= 1),
where i = 1, ntest
while preset number of iterations not reached do
1. subsample from the full set using the weights wk,i,
i = 1, ntrain;
2. feed the subset and the weights to the learner;
3. learner estimates the labels of the training data;
4. update the weights with the classification error;
Algorithm 4.3: RUSBoost classification algorithm for detection of
most probable point of tachycardia termination [2], adapted from
[17]
polation in a 6-dimensional space. Three of the computed values are the
vertex 3D coordinates and the other three are its corresponding electrical
values. The interpolation results is largely dependent on the set interpola-
tion threshold, i.e., the radius around which each point contributes linearly
into a weighted mean to determine the values for a vertex in between. In
order to test how the circuit reconstruction and the termination point detec-
tion perform on sparse electroanatomical data, subsampling of the original
maps was performed. The electrical values of every vertex in the sparse
maps were obtained through a two-step interpolation and threshold filling
algorithm, tuned to mimic the online interpolation of CARTO R© when new
electroanatomical data is acquired.
In the first step, for every vertex, only the mapping points within a 15 mm
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Figure 4.2.: Algorithm for electrical data interpolation at a sparse location
(green point) from the electrical values of neighbouring points
(red), as implemented in CARTO R©.
radius were taken into consideration. The value at that vertex was either
that of the mapping points, if it coincided, or the mean of the values of all
mapping points within 15 mm, weighted inversely with the distance from
the vertex. In the second step, the vertices which did not have any mapping
points to meet the proximity threshold were given the value of their closest
vertex with an assigned value from the interpolation step. The value of
15 mm was set by trial and error to best match the CARTO R© ground truth.
The process is summarised in Fig. 4.2.
Iterative Cluster Subsampling
The original mapping points were clustered around 5 centroids computed
with the k-means method [15] and approximated by the closest mapping
point in the cluster according to the Cartesian distance. The k-means algo-
rithm, as implemented in MATLAB R2016b, is presented in Alg. 3.1. The
k = 5 centroids were ordered using a greedy search with respect to their
marginal information, which is explained in the next paragraphs.
After each point acquisition, a new EAM was computed. The differ-
ence between two anatomically identical, but electrophysiologically differ-
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ent, maps was defined as:
i,Pcomp∼Pref =
1
j
nV∑
j=1
fi,j,Pcomp − fi,j,Pref
maxj fi,j,Pref −minj fi,j,Pref
, i ∈ {LAT,uni,bi}, (4.2)
where Pcomp and Pref are the sets of points used for the computed map and
the reference map, respectively, each with nV number of vertices, as the
maps are anatomically identical. The value fi,j , i ∈ {LAT,uni,bi}, is either
the LAT, unipolar voltage (uni), or bipolar (bi) voltage at vertex j.
Given the full set of mapping points P0, from which the ground-truth
electroanatomical map was built, and a subset P⊂P0, the map reconstruc-
tion accuracy when using subset P for interpolation can be computed as the
inverse of the error
εP∼P0 =
1
3
∑
i∈{LAT,uni,bi}
i,P∼P0 . (4.3)
The anatomy is in both cases a 3D surface of nV vertices. For each vertex,
the difference in electroanatomical values was scaled with reference to the
P0 map. The marginal information of a mapping point can be defined as the
difference in map accuracy between two maps constructed with and without
that particular point:
∆εP\{m}∼P = εP\{m}∼P0 − εP∼P0 , (4.4)
where j is the left-out mapping point.
In order to follow the map building over a suitable number of steps, the
mapping points in each study were clustered into 5 spatial groups. The
points were grouped based on the k-mean of their 3D location around 5
centroids, for which the electrophysiological values were computed as the
weighted means of the values of the points in the corresponding clusters.
The marginal information of each centroid was then computed and a greedy
search was run on these values to establish the order in which each cluster
would be added to the electroanatomical map. The cluster whose centroid
had the highest marginal information was ranked first. The adapted greedy
search for ordering the centroids according to their marginal information is
presented in Alg. 4.4.
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Data:
• P0 full set of mapping points;
• fi,j,P0 , i ∈ {LAT,uni,bi}, j = 1, nV, electrical features of all
vertices for the map computed with the points in P0
• vertex indices of the 5 centroids
Initialization: c1 = arg mink ε(P0−{k})∼P0 , k = 1, 5;
Result: c, decreasing order of centroid marginal information
while i <= number of clusters - 1 do
1. interpolate for fi,j,{c1,i} and fi,j,({c1,i}∪{k}),
where k = 1, 5− {c1,i};
2. ci+1 = arg maxk |ε{c1,i}∼P0 − ε({c1,i}∪{k})∼P0 |;
3. i = i + 1;
Algorithm 4.4: Ordering of the cluster centroids according to their
marginal information added to the electroanatomical map
Applicability of Subsampled EAM
The idea of subsampling electroanatomical maps has a two-fold relevance
for tachycardia circuit reconstruction and optimal ablation point detection.
1. The proposed methods were tested on five iterations of cluster addi-
tions, whereby all mapping points in the respective cluster were used
to interpolate electrical data on a new EAM. The interpolation result
in each iteration can be regarded as a subsampled EAM.
2. In a potential application not investigated in this thesis, a subset of
critiical mapping points contributing the most to the EAM and thus
to the circuit reconstruction and ablation point computation can be
detected. These points can be provided as post-ablation mapping
guidance to the clinician who, as part of the immediate ablation suc-
cess assessment, revisits strictly the most relevant locations in order
to rebuild the EAM. The subsampled post-ablation EAM thus gives
indication about the arryhtmia-free state, while keeping the cost of
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re-mapping minimal.
4.5. Results
4.5.1. Macro-Reentrant Circuit Reconstruction
For each of the 13 cases studied in this chapter, the graph was built with
the FAM vertices and edges. The forward circuit was computed using the
MATLAB R2016b implementation of the Dijkstra algorithm with weights
as in Eq. (4.1). Fig. 4.3 shows qualitative results on a right ventricle
and on left and right atria. The CARTO R© ablation, circuit entrainment,
and termination points are displayed as reference points of the ground-truth
propagation path detected intraoperatively. The dense bipolar voltage maps
were thresholded at 0.5 mV, a value commonly used in the electrophysiology
literature for ventricular scar segmentation in electroanatomic data [158].
The third row of results, displayed on top of the scar maps, shows that the
calculation of propagation paths avoids the crossing of scars, according to
the edge weights in Eq. (4.1).
Several qualitative observations can be made from the results shown in
Fig. 4.3. Firstly, there was a good correlation between the LAT geodesics
and the computed path perpendicular to them. Secondly, the paths were
modulated by the presence of surgical scar, encoded by the bipolar voltage
amplitude at each vertex. The perpendicularity of the paths to the LAT
geodesics is ensured by the core principle of shortest path in the Dijkstra
algorithm.
As far as the quantitative results are concerned, several measures were
defined under the assumption that all critical points listed in the legend of
Fig. 4.3 are on the true tachycardia circuit. Tab. 4.1 lists these measures
with their mean values over each type of anatomy.
• Mean path distance to the CARTO R© points The distances be-
tween each critical point and its geodesically closest point on the path
were averaged.
• Accuracy, specificity, sensitivity Performance indicators for the
classification algorithm which distinguishes between regular and abla-
tion points on the path.
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Figure 4.3.: Tachycardia propagation path for RV, RA, and LA. Lower pan-
els show probability of tachycardia termination when points
along the path are ablated and the distance of the computed
termination points from the closest ground-truth ablation. AP
– antero-posterior axis, LR – left-right axis, SI – supero-inferior
axis. c©[2015]Springer[2]
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Table 4.1.: Distance of computed propagation path from true path points
marked in CARTO R©; characteristics of the tachycardia termi-
nation point classifier and distance of the point with the highest
computed probability of termination from actual CARTO R© ab-
lation points. c©[2015]Springer[2]
RV RA LA TCPC Mean
Mean path distance to
CARTO R© points [mm]
22.2 14.0 13.9 3.7 16.3
Standard deviation [mm] 13.0 12.1 6.9 3.5 12.0
Accuracy [%] 59.2 71.5 72.3 79.1 68.4
Specificity [%] 62.0 75.6 75.4 82.2 71.9
Sensitivity [%] 38.5 33.0 47.6 40.0 37.5
Mean ablation points dist.
to CARTO R© points [mm]
0.0 2.8 0.0 2.4 1.5
Standard deviation [mm] 0.0 4.1 0.0 0.0 3.0
• Mean ablation points distance to the CARTO R© points All
critical points in CARTO R© were considered true ablation points. For
each of them, the geodesic distance between their projection on the
path and the closest point on the path classified as ablation target
was computed. The values over all points were averaged.
The average of 16.36 mm for the mean distance of the computed path
points to the critical CARTO R© points (first row, last column in Tab. 4.1)
was in the same range as the catheter tip instability recorded intraopera-
tively (12 mm). This is an uncertainty which is allowed and managed by
the interventionist.
4.5.2. Tachycardia Termination Point Detection
Several measures were defined to assess the method’s performance in this
step: the accuracy, sensitivity, and specificity, all of which quantified the
ability to distinguish a regular path point from an critical point on the path.
A critical point is either an ablation, a termination, or a circuit entrainment
point as labelled and exported from CARTO R©. A critical path point is the
projection of a critical point onto the tachycardia path reconstructed in the
first step of the method.
Apart from the relative performance measures, the average minimal dis-
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tance to the critical path points was computed. These points were all con-
sidered the ground-truth termination points, as it was difficult to assess
which of them led to the tachycardia termination. For every path point, the
closest critical path point was found. This distance was then averaged over
all path points.
The leave-one-out ensemble learning yielded a mean accuracy of 68.4 % in
detecting critical points along the propagation path (Tab. 4.1). The points
with a termination probability over 50 % lay within 1.5 mm from their closest
critical path point. The lowest error was recorded in RV and LA, for which
all computed termination points matched a ground-truth critical point (0.00
entries in the table). The computed tachycardia termination was colour-
coded to emphasize the points of highest probability. Tab. 4.1 averages the
results of both circuit reconstruction and critical point detection for each
type of cardiac chamber.
4.5.3. Performance on Subsampled Electroanatomical Maps
For each electrophysiology study, the mapping points were clustered into 5
anatomical areas. An example of clustering is shown in Fig. 4.4.
The path reconstruction and termination point detection algorithms were
applied on 5 iterations of subsampling in each study, with addition of one
cluster of mapping points at a time. The qualitative results of tachycardia
circuit reconstruction, as well as the result changes after each iteration, are
plotted in Tab. 4.2.
4.6. Discussion and Conclusion
The work in this chapter proved the graph representation of cardiac elec-
trical activation to be a valuable tool in understanding macro-reentrant
tachycardias. The qualitative correlation of the computed path were further
supported by its distance to the true points selected by the interventionist.
The errors in the reconstruction were mainly caused by the interpolation
algorithm of the electroanatomical mapping system and by the incomplete
maps generated intraoperatively. Firstly, CARTO R© alters the 3D rendering
of the propagation wave both by filling the areas among sparse mapping
points, an inaccuracy which increases with the value of the set threshold,
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Table 4.2.: Sequence of propagation path reconstruction and termination
point detection for the RA in Fig. 4.3 (upper table) and aver-
age over all cases (lower table). The mapping points are added
in decreasing order of their k-mean cluster centroid’s marginal
information value. A – accuracy [%], Sp – specificity [%], Se
– sensitivity [%], d – mean ablation points distance to the
ground-truth CARTO R© points [mm], D – mean path distance to
the CARTO R© points, assumed on the ground-truth path [mm].
c©[2015]Springer[2]
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σ 7.6 5.1 5.1 5.1 6.7
A 73.3 42.2 50.6 35.2 60.2
Sp 78.5 37.8 50.0 37.5 62.6
Se 0.0 62.5 60.0 14.2 33.3
d 52.1 0.0 2.2 0.0 3.5
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points
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Iteration #1 Iteration #2 Iteration #3 Iteration #4 Iteration #5
D 20.3 8.6 14.0 13.9 10.7
σ 17.7 7.3 7.2 9.2 7.5
A 47.7 50.9 56.6 53.9 61.8
Sp 46.9 50.0 57.9 55.3 64.5
Se 45.6 51.8 49.8 43.5 35.7
d 15.5 4.5 9.6 8.6 8.2
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Figure 4.4.: Example of clustering in an RV. The mesh orientation is given
by the superior-inferior axis (red), left-right axis (black), and
anterior-posterior axis (green). (a) Spatial k-means clustering.
(b) Marginal information of the mapping points computed as
in Eq. 4.4. The average value is plotted on the cluster centroid.
(c) Decrease of marginal information of the clusters, on which
the greedy selection for the iterative addition of points is based.
but also by creating an artificial strip on the shortest path between the
earliest and the latest activation points when the two should overlap.
Secondly, experienced cardiologists tend to map only parts of the anatomy
which are interesting from an electrophysiological point of view. This is the
reason for incomplete retrospective maps. While it poses a problem to
the path reconstruction, the electrophysiologist is used to envisage the full
anatomy and circuit from limited data. In this regard, the subsampling al-
gorithm and the application of the presented method to sparse data provide
guidance for the cardiologist in deciding which region needs more detailed
information for a more accurate reconstruction.
The RUSBoost ensemble learning algorithm proposed in this chapter com-
puted more ablation points than what the interventionist chose to ablate.
This is because the input dataset of concatenated cases is only limited to the
objective electrical values of unipolar and bipolar voltages and LATs. Other
case-specific information such as personal preference of the interventionist or
anatomic information such as myocardium thickness along the tachycardia
path was not available. Finally, the termination point detection algorithm
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output all possible choices of ablation sites along the path, but thanks to
the nature of the tachycardia closed-loop, it is enough to ablate one of the
computed locations to achieve the desired result.
The termination point learning is highly dependent on the path location
computed in the previous step. This is because the true ablation points as
exported from CARTO R© are projected onto the computed path. Moreover,
there was a strong assumption made that all ablation points contributed to
the tachycardia termination. A potential improvement could be the inclu-
sion of uncertainty in the models, to account for the unknown contribution
of each ablation point.
The plotted results in Tab. 4.2 show the importance of additional data in
building an accurate electroanatomical map. Each iteration brought a new
set of points with additional electrical parameters from a new anatomical re-
gion. While extensive mapping is also time-consuming, this is a worthwhile
step for reconstructing the tachycardia path and estimating the points with
the best ablation results. Despite the oscillating accuracy, even decreasing
with increasing number of mapping points, the values of specificity (Sp),
sensitivity (Se), and distance to the ground-truth path (D) and ablation
points (d) are also indicative of the algorithm’s performance. The balance
of all these measures is achieved for the highest number of mapping points,
as expected (iteration #5).
Regarding the performance of the proposed workflow in a clinical setting,
the combined circuit detection and ablation point estimation framework
can be run in real time. The first step runs in approx. 42.2 ms, while the
path point classification takes approx. 2.1 s (mean over all thirteen cases).
However, the database was built oﬄine and the algorithm runs only on the
test dataset, i.e., the new case. The times were measured on an i7 CPU
working at 2.4 GHz and the code was written in unoptimised MATLAB
language.
Finally, a prototype software environment was developed for a potential
integration into the procedural workflow. The features of the interface with
a display of an RV are shown in Fig. 4.5, 4.6, 4.7. The prototype displays in
four interlinked panels the 3D FAM anatomy orientation (upper left), the
LAT (upper right) and the bipolar voltage maps (lower right). Based on
the bipolar voltage threshold at 1.5 mV, the scar tissue is delineated (lower
left).
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Figure 4.5.: Software environment showing the FAM orientation in the pa-
tient reference frame (upper left), the LAT (upper right), the
bipolar voltage (lower right), and the scar map (lower left). The
operator can choose to mark either the tachycardia circuit or
ablation points.
From the drop-down list, the clinician can select if they want to create
the tachycardia circuit or select ablation points. The push-buttons “delete
circuit” and “delete ablation” allow for editing of the tachycardia circuit or
for the chosen ablation line by iteratively deleting the last point.
Fig. 4.6 shows a series of snapshots from the tachycardia circuit recon-
struction process. The incorporation of this feature allows for sequential
building of the circuit, where the clinician starts from selecting the point
of earliest activation, but then manually guide the reconstruction process.
This enables a more accurate result by adapting the step size in the mesh
search. The points can be picked in any panel showing electrophysiological
values, either LAT, bipolar voltage or scar.
Finally, Fig. 4.7 shows the feature of manual ablation point selection.
While the proposed methods can compute possible ablation points, the in-
terventionist is also allowed to adjust the result. This feature is especially
useful in possible extensions of robotic ablation, where the system can direct
the catheter tip directly to the anatomical region marked by the clinician.
Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam lobor-
tis facilisis sem. Nullam nec mi et neque pharetra sollicitudin. Praesent
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Figure 4.6.: The software environment’s circuit reconstruction, with the
manual adjustment feature.
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Figure 4.7.: The software environment’s ablation planning feature, with the
red crosses as marked ablation points. Best visible in the upper
right panel.
imperdiet mi nec ante. Donec ullamcorper, felis non sodales commodo, lec-
tus velit ultrices augue, a dignissim nibh lectus placerat pede. Vivamus
nunc nunc, molestie ut, ultricies vel, semper in, velit. Ut porttitor. Prae-
sent in sapien. Lorem ipsum dolor sit amet, consectetuer adipiscing elit.
Duis fringilla tristique neque. Sed interdum libero ut metus. Pellentesque
placerat. Nam rutrum augue a leo. Morbi sed elit sit amet ante lobortis
sollicitudin. Praesent blandit blandit mauris. Praesent lectus tellus, aliquet
aliquam, luctus a, egestas a, turpis. Mauris lacinia lorem sit amet ipsum.
Nunc quis urna dictum turpis accumsan semper.
111
5. Endocardial Catheter Tip
Stability Analysis†
5.1. Introduction
Radiofrequency catheter ablation is one of the commonly available thera-
peutic methods for patients suffering from cardiac arrhythmias. The pre-
requisite of successful ablation is sufficient energy delivery at the target
site. However, cardiac and respiratory motion, coupled with endocardial
irregularities, can cause catheter drift and dispersion of the RF energy, thus
prolonging procedure time, damaging adjacent tissue, and leading to elec-
trical reconnection of temporarily ablated regions. Therefore, positional
accuracy and stability of the catheter tip during energy delivery is of great
importance for the outcome of the procedure. This chapter presents an
analytical scheme for assessing catheter tip stability, whereby a sequence
of catheter tip motion recorded at sparse locations on the endocardium
is decomposed. The spatial sliding component along the endocardial wall
is extracted from the recording and maximal slippage and its associated
probability are computed at each mapping point. Finally, a global map is
generated, allowing the assessment of potential areas that are compromised
by tip slippage. The proposed framework was applied to 40 retrospective
studies of congenital heart disease patients and further validated on phan-
tom data and simulations. The results show a good correlation with other
intraoperative factors, such as catheter tip contact force amplitude and ori-
entation, and with clinically documented anatomical areas of high catheter
tip instability.
†Content from this chapter was published in [4] and was accepted for publication as
Constantinescu, M., Lee, S.L., Ernst, S., Hemakom, A., Mandic, D., Yang, G.Z.:
Probabilistic Guidance for Catheter Tip Motion in Cardiac Ablation Procedures in
Medical Image Analysis.
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Figure 5.1.: Catheter tip stability is a major concern in radiofrequency ab-
lation of cardiac arrhythmias. Both cardiac and respiratory
motion can cause catheter tip movement. In this chapter, we
account for an additional motion component, i.e. catheter tip
slippage along the endocardium. A novel multivariate approach
to Empirical Mode Decompositions (EMD) is used to extract
the three components and the slippage is modelled in a DBN to
compute the probability of the maximal slippage value at each
sparsely sampled mapping point.
5.2. Motivation
Radiofrequency catheter ablation is one of the established curative methods
for cardiac arrhythmias. It consists of focal delivery of RF energy from
the tip of a catheter introduced endovascularly and placed in contact with
the endocardium. Most commonly, the ablation is performed during the
arrhythmia in order to target the correct site. However, for CHD patients
who cannot sustain stable haemodynamics, many procedures have to be
performed under sinus rhythm [137], i.e., cardiac cycle length between 600
and 1000 ms.
Despite its recognised merits, RF ablation still has a relatively low suc-
cess rate, with 80 % suggested for atrial fibrillation after an average of 1.3
procedures per patient [27]. The main causes of failure and need for repeat
ablation are insufficient energy delivery to targeted tissue and incorrect lo-
calisation, both of which can be traced back to the instability of the catheter
tip positioning on the endocardium.
While CHD patients are indeed a very challenging cohort for arrhythmia
treatment, the concerns related to catheter tip stability are of primary im-
portance in all RF ablation procedures, irrespective of the patient group.
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For procedures such as focal ablation of single arrhythmia sources, the need
for catheter tip position accuracy is paramount, but it is also an important
factor in circular isolation of pulmonary veins for treatment of atrial fibrilla-
tion and in linear transection of macro-reentrant tachycardia circuits. This
is because both procedures are performed as a series of closely positioned
point-wise ablations. Several clinical studies analysed the continuity of ab-
lations produced by different operators during pulmonary vein isolation in
LA and it was concluded that the the pulmonary vein ostiae were among
the most challenging anatomical locations to ablate [159, 160].
Two notable developments are currently employed by the interventionist
in order to improve guidance at the ablation site: EAM and contact force
sensors. EAM systems such as CARTO R© or EnSiteTM VelocityTM enable
real-time tracking of the catheter tip in an electromagnetic field and sub-
sequent building of the anatomy by spatially interpolating the positions at
which the catheter touches the endocardium. Simultaneous electrical data,
such as electrogram voltages, local time activation, and impedance, are over-
laid on the reconstructed anatomy as colour maps. At the advent of cardiac
ablation, clinicians guided their catheter positioning by the consistency of
electrogram amplitudes at sites of good contact [161]. However, electrical
values change after ablation, rendering the method unreliable during the
energy delivery itself.
Recent-generation catheters such as the THERMOCOOL R© (Biosense We-
bster, Diamond Bar, CA, USA) or the TactiCathTM (St Jude Medical, St
Paul, MN, USA) incorporate contact force sensors at the tip. Contact force
has become a measure of catheter stability and the force-time integral an
estimation of the lesion quality. However, Shah and Namdar were among the
first to acknowledge the possibility of catheter tip sliding under consistent
amplitude of the contact force, which they defined as spatial instability [11].
The authors distinguished between spatial stability, quantified by the sliding
distance, and temporal stability, measured by contact force amplitude and
force-time integral, concluding that force amplitude information alone was
not a measure of good contact.
The catheter tip trajectory is a summation of the respiratory and cardiac
motions of the chamber wall at the catheter contact point and of a third
component of tip slippage along the endocardium. This third component
has been neglected in stability studies so far, with most of the analysis
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driven by compensating respiration in intraoperative data. For example,
the oscillatory motion of the catheter was gated in order to improve the
electroanatomical mapping, assuming that the largest component influenc-
ing the map accuracy was the respiration [162]. Ignoring the other signal
components caused an error comparable to the amplitude of the respiratory
motion itself, thus limiting the applicability of the method.
While respiratory gating has become an available option in EAM systems,
efforts have been made to correct fluoroscopy images used as alternative
guidance for the same type of cardiac procedures. This was achieved by
tracking either the diaphragm or the reference catheters, such as the one in
the coronary sinus, in a series of fluoroscopic images [117, 124, 125, 163].
The motion was decomposed either using bandpass filters or Principal Com-
ponent Analysis (PCA), whereby it was assumed that the signal contained
only oscillatory components of cardiac and respiratory motion, thus ignoring
any spatial drift which none of the methods would be able to capture.
As an increasing number of procedures involve the use of EAM and elec-
tromagnetically tracked catheters, the tip position recordings have also been
analysed. EAM systems enable the tracking of catheter tip position at each
sparse mapping point for 2.5 s. Bandpass filtering was applied to these
positional signals in order to recover cardiac and/or respiratory motion
[123, 121]. The frequency of the cardiac passband was computed from the
ECG, while the unknown respiratory rate was approximated to the average
healthy subject rate of 18 breaths/min [121]. However, the 2.5 s-long signal
contained only a small number of oscillations, which affected the bandpass
filter robustness in accurately recovering the components.
Independent Component Analysis (ICA) [112] is a source separation meth-
od commonly applied to superimposed signals. With bandpass filtering
requiring a high oscillatory content in the analysed signal, PCA only be-
ing able to decompose oscillatory components similar in all directions, and
ICA assuming statistically independent components, there is a need for an
adaptive, data-driven decomposition method. Multivariate Empirical Mode
Decomposition (MEMD) [18, 13] was applied with better results than the
other methods [4]. The method is an iterative process through which an
intrinsic mode function (IMF) is extracted at each step using the so-called
sifting process. The sifting process repeatedly removes a local mean from
each sifting input of a given multivariate signal, which results in a set of
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IMFs in descending order of their frequency.
In this chapter, a catheter ablation guidance framework is presented
based on the extraction of the motion components in the electromagnet-
ically tracked catheter tip position signal using MEMD. Aside from the
cardiac and respiratory components well documented in previous work, the
focus of the decomposition results is a third previously unaccounted for
component, the sliding motion along the endocardium. The drift during a
fixed frame of 2.5 s is quantified and the maximal slippage for each map-
ping point is computed. Simultaneously, the IMFs are fed into a Dynamic
Bayesian Network (DBN) parameterised for each mapping point, modelling
the dependencies of cardiac, respiratory and drift motion from one time
point to the next. Finally, the conditional probability of the maximal slip-
page is computed from a multivariate normal regression model and overlaid
on the electroanatomical map. A complete anatomy-specific probabilistic
map of slippage is generated from all available mapping points. The key
steps of the analysis flow are illustrated in Fig. 5.1. In order to assess the
efficacy of the method, the proposed framework was tested on 40 electro-
physiology studies of CHD patients and additional prospective validation
was performed on phantom and simulated data.
The present work is an extension of [4], with significant changes and
adaptations in the decomposition algorithm. It also eliminates the use of
a Gaussian mixture model fit in the computation of slippage probabilities,
thus deeming the probabilistic method more generalisable to non-Gaussian
slippage components. Furthermore, the new method was validated on 40
patients, supported by detailed simulation and phantom experiments.
5.3. Data Acquisition
5.3.1. Simulation Data
Datasets of catheter tip movement were generated by superimposing pe-
riodic cardiac and respiratory motion and linear monotonic slippage of
2 mm/s. The heart rate, amplitude and phase of the cardiac motion were set
as the median measured in the patient data, i.e., 64.62 beats/min, 1.0 mm,
0.5 mm, and 1.7 mm of motion amplitude, and -2.8 rad, 3.0 rad, and - 0.0 rad
of phase difference in each Cartesian direction, respectively.
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The respiratory signal followed the mathematical expression in Eq. (5.1),
adapted from [164], with fixed amplitude Ar (4.3 mm, 3.5 mm, and 0.2 mm in
each direction, medians of patient data) and fixed phase difference between
channels φ (1.7 rad, 1.8 rad, and -3.8 rad as computed from the patient data).
R(t) = Ar(1− 2 · sin2n(2pifrt+ φ)), n = 3 (5.1)
The respiratory rate fr varied between 12 breaths/min and 40 breaths/min,
the range of healthy human breathing, yielding in total 29 values. The phase
difference between the respiratory wave and the cardiac wave, i.e., the time
difference from the beginning of the simulation, was also varied between 0
and 99 % of the respiratory period, generating in total 100 values. Thus, a
grid of combinations of respiratory rates and phase differences was created
for the cumulated signal. In total, 29×100 3D signals were decomposed.
The added signal had the length of a regular CARTO R© mapping point
recording of 2.5 s and was sampled at 1 kHz.
The choice of varying only the respiratory rate and the phase differ-
ence was motivated by their importance when decomposing a short signal.
Firstly, it was hypothesised that a high respiratory rate interfered with the
extraction of the cardiac signal. Secondly, a 2.5 s window of recording only
allowed for an incomplete capture of the respiratory wave. Depending on the
start of the window, i.e., phase difference, the captured sequence included
the wave peak, in which case it was assumed that the signal decomposi-
tion will be more accurate, or only a linear section, which might cause the
respiratory wave to be indistinguishable from the slippage.
5.3.2. Phantom Data
A four-chamber cardiac phantom was 3D-printed in a PolyJet digital mate-
rial mix of TangoPlus and VeroClear (shore durometer A50) on a Stratasys
Objet500 Connex3 printer (Stratasys, Eden Prairie, MN, USA) from MRI
images of a normal subject. The images were segmented by a clinician
in the CARTO R© Segmentation Module (Biosense Webster, Diamond Bar,
CA, USA) and then processed with MeshLab [153] and Meshmixer [165] to
create the final STL file.
The two halves of the heart are completely separated, with the atria
and the ventricles directly linked, without valves. The phantom’s vascular
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connections were the superior and inferior venae cavae and the pulmonary
artery on the right side and the left and right pulmonary veins and the aorta
on the left side (Fig. 5.2(a)). For each of the right heart chambers, a soft
balloon was molded to fit inside the RA and RV, respectively (Fig. 5.2(b)).
The balloons were inserted into the phantom one at a time and inflated
(a) (b) (c)
(d) (e)
Figure 5.2.: (a) Surface model of the 3D-printed heart phantom. The blue
in-/outlets belong to the right chambers and the red ones to
the left. 1 – Aorta, 2 – Pulmonary artery, 3 – Superior vena
cava, 4 – Inferior vena cava, 5 – Right pulmonary veins, 6 – Left
pulmonary veins. (b) Inflatable balloons for the RA and the RV
into which the catheter was inserted. The blue dots mark the
targeted points. (c) Phantom experiment setup, with the res-
piratory motion rig simulating the diaphragm. (d) Pump con-
nections and catheter insertion for RA experiments. (e) Pump
connections and catheter insertion for RV experiments.
and deflated using a pump at a fixed rate of 60 beats/min, to mimic the
contractile motion of the heart. The entire phantom was then placed on a
translational motion rig powered by a linear motor (Faulhaber, Schoenaich,
Germany). The rig (Fig. 5.2(c)) was designed to generate the diaphragmatic
motion in Eq. (5.1), with maximal respiratory displacement of 20 mm (Ar
= 10 mm) and fixed respiratory rate of 15 breaths/min (fr = 0.4 Hz).
For the RA, the superior vena cava and the pulmonary artery were con-
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Figure 5.3.: Example of the 3D catheter tip motion for one point on the
heart phantom. The first 70 s are taken under cardiac and res-
piratory motion only. The red dotted line shows the beginning
of the slippage sequence. The first row shows the recorded sen-
sor position and the second row shows the signal trend by which
the onset of slippage was detected.
nected to the inlet and the outlet of the pump, respectively, whereas the
inferior vena cava, with the balloon at atmospheric pressure, was used to
insert the catheter (Fig. 5.2(d)). For the RV, the pump connections were
the two venae cavae, while the pulmonary artery was used to access the
chamber (Fig. 5.2(e)).
The superimposed signal was captured with an Aurora electromagnetic
tracking device (NDI, Waterloo, Ontario, Canada) which recorded data from
a 5 degrees of freedom (DOF) catheter sensor at 40 Hz. The catheter was
affixed to a single point on the balloon, simulating the mapping at one
endocardial position, and then reattached at the next position. The signal
length for each point was 140 s: for the first 70 s, the catheter tip moved
only under cardiac and respiratory influence, and the next 70 s, the catheter
was additionally moved arbitrarily, in order to simulate the slippage (Fig.
5.3). In total, 15 points were recorded in the RA and 19 points in the RV.
5.3.3. Patient Data
Forty retrospective electrophysiology studies of CHD patients were used to
assess the proposed methods on real clinical data. The datasets were col-
lected using a force-sensing NAVISTAR R© mapping and ablation catheter
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(Biosense Webster, Diamond Bar, CA, USA). The positions of the electro-
magnetic sensor, as well as those of four additional electrodes within 1.5 cm
from the tip had been recorded in CARTO R© 3 at 60 Hz over 2.5 s for each 3D
mapping point. The reference system was built by a second electromagnet-
ically tracked catheter inserted into the coronary sinus, whose tip position
was recorded simultaneously to the mapping catheter position. In addition
to the sparse position recordings and their corresponding ECG, the bipolar
voltages at each mapping point were exported for further correlation and
validation of the cardiac motion. Moreover, the fast anatomical map of each
study was exported in order to build the global probabilistic map in the last
stage.
For each mapping point, the cardiac period was computed as the RR in-
terval on the ECG. Any mapping points outside sinus rhythm were excluded
from the dataset. According to the clinical literature, sustained arrhythmia
is avoided in CHD patients and was deemed irrelevant for this application
[136].
The sinus rhythm filtering resulted in 723 mapping points from 40 electro-
physiology studies, out of which 555 also had reference catheter recordings.
The points had been collected in 19 RV, 11 RA, 5 LA, 4 TCPC, and 1 left
superior pulmonary vein.
Additional contact force amplitude and orientation relative to the catheter
shaft had been recorded simultaneously to the catheter position for 110 of
the 555 mapping points. The 3D contact force was decomposed along the
Cartesian directions according to Eq. (5.2),
Fglobal =
O · Flocal
|O| , (5.2)
where O = [Ex−Tx, Ey−Ty, Ez−Tz]T is the orientation of the catheter
tip given by the tip coordinates [Tx Ty Tz]
T and the coordinates of the next
electrode on the catheter shaft [Ex Ey Ez]
T.
Moreover, Flocal = |F |·[sin(α)cos(β), sin(α)sin(β), cos(α)]T is the cylin-
drical coordinate representation of the force with respect to the catheter tip.
The force amplitude |F |, as well as its axial and lateral angles compared
to the catheter shaft, α and β, respectively, were exported from CARTO R©.
Eq. (5.2) transformed the force values from the local to the global reference
frame, in which the catheter tip slippage was computed. The product in
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Figure 5.4.: (a) Example of force orientation (green), catheter tip (blue),
tangential tip motion vector (red), and the catheter tip trajec-
tory over an entire 2.5 s sequence (black). The five time points
selected are also displayed as plots in (b).
this equation is the dot product which transforms the local axes into the
global Cartesian axes. An example of catheter tip trajectory and a snapshot
of the corresponding force orientation is shown in Fig. 5.4.
Finally, in order to correct for any bulk motion of the patient or for a
potential drift of the reference catheter, which might have introduced an
offset in the data, the reference catheter signal was subtracted from the
mapping catheter recording.
5.4. Methods
5.4.1. Catheter Tip Motion Decomposition
The catheter tip motion is a superimposition of three types of motion: two
oscillatory components of cardiac contraction and respiration and a mono-
tonic endocardial slippage component. Moreover, each constitutive signal is
represented by its 3D components. The extraction of the three physiological
signals in each direction poses a challenge often encountered in biomedical
signal processing and solved commonly through spectral windowing or Blind
Signal Separation. Spectral windowing is based on frequency domain anal-
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ysis, whose accuracy depends on the oscillatory content of the mixed signal.
In turn, Blind Signal Separation techniques, such as ICA or PCA, rely on
statistical independence properties of the signal components. The perfor-
mance of these methods is limited if the assumptions are not met, as is the
case of the short catheter tip motion recordings and the highly dependent
respiratory and cardiac signals. An alternative approach is (Multivariate)
Empirical Mode Decomposition ((M)EMD), which uses the local instan-
taneous frequency and amplitude of the signal at each time stamp, thus
better accommodating the physiological signal than spectral filtering, while
also not forcing statistically independent components.
Multivariate Empirical Mode Decomposition (MEMD)
MEMD can be used to extract the cardiac motion, respiration, and slippage
from the superimposed Cartesian position signal x of the catheter tip as in
Eq. (5.3), where M is the number of oscillatory components (IMFs), N the
number of samples, P the number of channels in the multivariate signal, i.e.,
3 for the Cartesian position; am,k is the amplitude value which modulates
the underlying oscillation Ψm of the m-th IMF at time stamp k, and r is
the residual trend vector for each channel. The multivariate channels were
projected along specified directions in order to ensure the same number of
IMFs in all channels and the same frequency and amplitude range for the
IMFs of the same order. The extrema at each iteration were computed in
the projection space and then interpolated in order to obtain meaningful
envelopes in the original space (Alg. 11).
xi,k =
M∑
m=1
am,kΨm,k + rk, i = 1,P; k = 1,N (5.3)
Noise-Assisted (NA)-MEMD
Despite the capability of MEMD in extracting physically meaningful com-
ponents, mode-splitting, i.e., one of the physiological signals being divided
among more than one IMF of the same frequency, can occur. This is caused
by the sub-Nyquist sampling of local extrema and thus the aliasing IMF
spectra. Ur Rehman et al. suggested the addition of noise channels in as
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Data: x(t) = [x1(t) x2(t) ... xP(t)] multivariate signal of P
channels.
Result: IMFs
while x(t) is not a monotonic function (residual) do
while no valid IMF do
1. Generate Q uniformly sampled points on a (P-1)-dimensional
sphere using the Hammersley sequence.
2. Establish Q direction vectors vq, q = 1,Q.
3. Compute the projections wq(t).
4. Find the time stamps te in wq(t) which represent extrema
locations in all of its components.
5. Compute the correspondent extrema in the original multi-
variate signal x(te).
6. Interpolate the multivariate extrema to construct the mul-
tivariate minima and maxima envelope curves xmin(t) and
xmax(t).
7. Calculate the local mean xavg(t) =
xmin(t)+xmax(t)
2 .
8. Subtract xavg(t) for the potential IMF at this iteration
d(t) = x(t) - xavg(t).
if d(t) has a mean close to zero and the number of zero
crossings and extrema differ by at most one then
d(t) is an IMF.
x(t) = x(t) - d(t).
else
x(t) = d(t).
Algorithm 5.1: Pseudo-code of the MEMD algorithm [18, 13]
high a number as possible, in order to cancel out the effect of the artificial
input [115]. A high enough number of noise channels not only ensures a
uniform population in the frequency spectrum, but also little dependency
among the input channels, resulting in better decomposition [166]. The
subsequent Noise-Assissted (NA)-MEMD method decomposed a m+ nWGN
multivariate signal and retained only the first m IMFs, where m is the order
of the original multivariate signal and nWGN is the number of white Gaussian
noise channels. However, the computational costs of NA-MEMD increase
with the number of noise channels and an analysis on the optimal number
should be performed.
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Data: x(t) = [x1(t) x2(t) ... xP(t)] multivariate signal of P
channels.
Result: IMFs
while x(t) is not a monotonic function (residual) do
while no valid IMF do
1. Apply PCA on the multivariate signal x(t) and retain the
first eigenvector σ as the principal direction of power imbal-
ance among the channels.
2. Perform steps 1 and 2 of MEMD in Alg. 11.
3. Relocate the direction vectors using vˆq =
vq+ασ
|vq+ασ| , with
α∈(0,1).
4. Perform steps 3–7 of MEMD in Alg. 11.
if d(t) has a mean close to zero and the number of zero
crossings and extrema differ by at most one then
d(t) is an IMF.
x(t) = x(t) - d(t).
else
x(t) = d(t).
Algorithm 5.2: Pseudo-code of the APIT-MEMD algorithm [19]
Adaptive-Projection Intrinsically Transformed (APIT)-MEMD
The multivariate input is a superposition of signals of different power. More-
over, with the addition of a limited and not infinite number of noise sig-
nals, the inter-channel correlation increases. Both of these aspects may
adversely influence the decomposition. Theoretically, this problem can be
alleviated with a high number of uniformly sampled projection vectors, but
the computational costs do not justify the solution. Instead, the computa-
tion of adaptive projection directions at each iteration in the MEMD sift-
ing was proposed, leading to Adaptive-Projection Intrinsically Transformed
(APIT)-MEMD [19].
The Hammersley uniform sampling is preceded by a stage of PCA which
computes the first eigenvector as the direction of the power imbalance among
potential signal components, e.g. respiratory vs. cardiac motion. The direc-
tion vectors generated using the Hammersley sequence are then redirected
towards the first principal component eigenvector by a factor α. The direc-
tion vectors become vˆq =
vq+ασ
|vq+ασ| , where σ is the eigenvector of the first
principal component (Alg. 12).
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5.4.2. Extraction of Cardiac, Respiratory and Slippage
Components
For each sequence of tip position recordings, noise-assisted APIT-MEMD
was applied. Due to the computation of the IMFs as average of the en-
velope signals, the MEMD algorithms provided an intrinsic sorting of the
IMFs by their instantaneous frequency, e.g. from the highest frequency of
noise to the lowest frequency, e.g. the trend. This feature was used in the
identification of the cardiac, respiratory and slippage components in each
set of decomposed IMFs.
Firstly, the selection of the cardiac component was performed. The use of
the noise-assisted method ensured that no mode-splitting occurs. Therefore,
given the exact heart rate from the ECG, a single component was sought,
i.e., the one with the periodicity closest to the ECG. The periodicity was
quantified by the average of all N instantaneous frequencies, whereby N is
the length of the position recording.
Secondly, the respiratory and slippage components were estimated. Un-
like the cardiac motion, there was no ground truth for the respiratory rate
and also the CARTO signal is too short for a precise estimate. Therefore, a
window of 12-40 strokes/min, the common physiological range of respiratory
frequency variation, was defined; all IMFs of frequency within the defined
range were summed into one respiratory component. The same procedure
was performed for all remaining IMFs of frequency lower than 12 min−1,
which were summed into the slippage.
5.4.3. Probabilistic Slippage Prediction
The time series of the recorded catheter tip signal and of the extracted com-
ponents were modelled in a DBN (Fig. 5.5), where each time stamp had
corresponding values of instantaneous cardiac Ck, respiratory Rk and slip-
page Sk motion amplitudes, as well as the measured value of the cumulated
motion Tk. While the inter-state dependencies k to k + 1 and k − 1 are
obvious descriptions of a time series, the dependencies P(Ck+1|Ck,Sk) and
P(Rk+1|Rk,Sk) are the statistical encoding of the catheter sliding to another
point on the endocardium which moves by another cardiac and respiratory
motion law, thus varying the cardiac and respiratory signal characteristics.
The conditional probability of slippage P(Sk|Ck...1,Rk...1,Tk...1) describing
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Figure 5.5.: DBN describing the transitions between consecutive states and
the inter- and intra-state conditional dependencies. The cardiac
(Ck) and respiratory (Rk) motion and the relative slippage (Sk)
encode the values decomposed by the APIT-MEMD algorithm,
while Tk is their summation at time stamp k. The values are
also followed in subsequent time stamps as Ck+1, Rk+1, Sk+1
and Tk+1.
the occurrence of a drift value Sk at time stamp k was computed from a
multivariate normal regression (MVNR) model parameterised with the pre-
dictors Ck...1, Rk...1, Tk...1, which are the extracted location-specific compo-
nents. The regression model can be described by Eq. (5.4), with βs the
matrix of regression coefficients. The response vector S is the amplitude of
slippage at each time point, computed from its Cartesian components. The
tip position T is included in the predictor matrix as its 3D components Tx,
Ty, and Tz, while Cx, Cy, Cz and Rx, Ry, Rz are the Cartesian com-
ponents of the APIT-MEMD decomposed cardiac and respiratory motion,
respectively.
S = [Cx Cy Cz Rx Ry Rz Tx Ty Tz] βS + eS (5.4)
The MVNR model imposed the regression error eS to be normally dis-
tributed with mean 0, allowing for the probabilities of each error eS,k,
k = 1, N , N being number of samples in the signal, to be computed from
the normal distribution itself. Furthermore, it was assumed that if a slip-
page value fitted the regression model accurately, i.e., it could be predicted,
its error would be small and the probability would be high. Thus, one-to-
one mapping of the error probability on the slippage probability could be
performed. Finally, the maximal slippage in the time series and its corre-
sponding probability could be extracted for each mapping point.
126
5.4.4. Catheter Tip Motion Estimation
Based on the maximal slippage probability at each sampled point on the en-
docardium, a global stability map was generated. The slippage information
was overlayed on the existing electroanatomical map. For each mapping
point, an ellipsoid with the axial length equal to the slippage in that direc-
tion was created. The ellipsoids were colour-coded according to the slippage
probability at a given mapping point.
5.5. Results
5.5.1. Catheter Tip Motion Decomposition and Signal
Extraction
Simulation Results
Fig. 5.6 shows the decomposition results for a combination of 29 respi-
ratory rates and 100 phase shifts of the respiratory wave. The cardiac
signal recovery error increased three-fold between the respiratory rates of
35 breaths/min and 40 breaths/min (Fig. 5.6(a-b)). On the other hand, the
respiratory component was best recovered for 20 breaths/min to 35 breaths/
min (Fig. 5.6(c)) due to a high number of oscillations in the recording win-
dow, but the extracted amplitude lacked in robustness, varying with the
phase difference (Fig. 5.6(d)). Despite the algorithm performance analysis
at an extensive range of respiratory rates, patients at rest or sedated dur-
ing cardiac ablation are normally below 20 breaths/min. However, many
procedures, especially for the ablation of atrio-ventricular nodal reentry
tachycardia, are performed without sedation because the drugs suppress
the arrhytmia [167].
The median performance of APIT-MEMD was also compared with PCA
and ICA applied on the 2.5 s-long simulated data. Fourier analysis on the
short data was unable to recover the frequency spectrum required for band-
pass filtering. The results for APIT-MEMD, PCA, and ICA are listed in
Tab. 5.1. While the performance of all three methods on the respiratory
wave was rather poor, the cardiac wave extraction results showed robust-
ness of APIT-MEMD compared to PCA and ICA, which yielded very good
results in frequency estimation, but failed in amplitude computation due to
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Figure 5.6.: Artificial signal decomposition results: (a,c) – cardiac motion;
(b,d) – respiration. The decomposition accuracy worsened with
increasing respiratory rate, due to overlaps with the cardiac
spectrum. For respiratory rates under 20 breaths/min, the res-
piratory component was mistaken for the linear slippage due to
insufficient oscillations in the 2.5 s simulation window.
mode-mixing and the cardiac signal being split over all components.
Finally, the component of most interest was the slippage. The perfor-
mance of the algorithms was quantified here by the correlation coefficient
between the extracted signal and the ground truth. APIT-MEMD yielded
the highest correlation coefficient among all algorithms, thus demonstrating
its practical value for in vivo applications.
Phantom Experiments
The moving heart phantom was scanned using cone-beam CT in an Innova
4100 (GE Healthcare, Chicago, IL, USA). Fig. 5.7 shows X-ray images in
left-anterior-oblique view at 60◦ tilting of the C-arm. The left figure shows
the range of motion of 5 CT markers in the RA, while the right figure shows
7 points in the RV. The position of the CT markers was segmented in 233
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Table 5.1.: Comparison of cardiac and respiratory motion recovery errors
as well as correlation coefficients between recovered and ground-
truth slippage for APIT-MEMD, bandpass filtering, PCA, and
ICA applied on the phantom and simulated data. N/A – not
available.
Cardiac motion [%] Respiratory motion [%] Slippage
Frequency Amplitude Frequency Amplitude Corr. coeff.
si
m
u
la
ti
o
n
s APIT-MEMD 4.7 5.4 22.1 17.6 0.9
bandpass N/A N/A N/A N/A N/A
PCA 0.7 86.6 19.3 20.4 0.0
ICA 0.7 57.9 27.8 24.5 0.1
p
h
a
n
to
m
APIT-MEMD 8.5 30.2 36.7 48.9 0.6
bandpass 1.3 570.1 6.9 77.0 0.5
PCA 16.4 35.8 44.3 21.0 0.4
ICA 16.0 37.3 37.3 24.1 0.4
RA images and 261 RV images.
The controlled translational rig motion offered ground truth for the respi-
ratory motion. Moreover, the phantom data of considerably longer recording
time allowed for further validation of the proposed decomposition method.
The additional validation data was extracted in the form of local car-
diac and respiratory motion pattern by using a second-order bandpass fil-
ter calibrated at the known motion frequencies mimicking heart and di-
aphragm oscillations, i.e., 60 beat/min and 15 breaths/min. The application
of frequency-based methods was possible due to the high oscillatory content
in the 140 s recordings. Finally, the slippage component was the residual
after subtraction of the previous two oscillations, calculated from the onset
of the catheter manipulation as in Fig. 5.3. This process was performed for
each of the 34 points individually.
Tab. 5.1 shows the comparative results of applying the proposed APIT-
MEMD, bandpass filtering, PCA and ICA to the collected phantom data.
The results are average values over the 34 datasets, whereby one dataset
comprised of the first 2.5 s of catheter manipulation, in order to preserve
the short-recording settings available in the CARTO system. Bandpass fil-
tering generated the highest errors in motion amplitude recovery despite
yielding the best frequency estimations. PCA and ICA performed simi-
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Figure 5.7.: X-ray images of the phantom experimental setup for point ac-
quisitions in RA (left) and RV (right) with 5 recorded points in
the RA and 7 in the RV. CT markers were placed at each point.
The markers’ movement is colour-coded and points of the same
colour belong to the same marker, at different positions in time.
The locations were segmented from 233 frames in the RA and
261 frames in the RV. The respiratory motion was unidimen-
sional, following an oscillatory wave with amplitude 10 mm and
frequency 15 breaths/min.
larly with adequate estimates of motion amplitude. Finally, APIT-MEMD
yielded a good estimate of heart rate; however, it did encounter difficul-
ties in estimating the parameters of respiratory motion because of the short
signal.
The performance of slippage extraction was also quantified. The residual
trend in Fig. 5.3 served as ground truth. APIT-MEMD again yielded the
highest correlation coefficient between computed and ground truth slippage.
Fig. 5.8(a) shows the slippage correlation values in each motion axis and
Fig. 5.8(b) shows the mean slippage per second and the corresponding
maximum slippage reached in each study.
Moreover, an analysis over the ability of APIT-MEMD to decompose the
three different motion patterns was performed for varying signal acquisition
lengths (Fig. 5.8(c)). While the cardiac motion does not benefit from the
increasing window length (red curve – heart rate, green curve – amplitude),
the respiratory motion estimation improves significantly with the window
length, thus showing that the 2.5 s of signal acquisition are not optimal and
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Slippage
corr. coeff.
Maximum and mean slippage by study
Performance vs acquisition
length
x 0.98
y 0.94
z 0.96
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Figure 5.8.: Phantom experiments: (a) Slippage extraction performance in
each direction by quantification of the correlation coefficient be-
tween ground truth slippage and extracted slippage. (b) Maxi-
mum and mean slippage in each phantom study. (c) Trade off
between cardiac and respiratory motion estimation errors and
slippage correlation coefficient for lengths of signal acquisition
between 2 and 7 s. Red – heart rate, green – heart motion
amplitude, blue – respiratory rate, black – respiratory motion
amplitude, cyan – slippage correlation coefficient.
should increase to at least 4 s, i.e., the period of respiratory motion chosen
in these experiments. Additionally, the slippage correlation coefficient also
increases with the length of the acquisition window, despite an outlier at
3 s. This increase is due to the better estimate of respiratory motion, which
prevents its mixing with the slippage.
Patient Data
Fig. 5.9 shows five 3D sequences of catheter tip position recordings in the RV
and LA. The decomposition results are plotted underneath for comparison.
There is a good correlation between the components and the physiologically
plausible signal shapes: the cardiac signal has the periodicity of the ECG,
with the respiratory wave and the slippage in decreasing order of frequency,
the latter being close to a linear function.
The decomposition method was firstly quantified by the median error of
heart rate recovery. The ground truth heart rate was extracted from the
ECG at each mapping point. Fig. 5.10(a) shows the error histogram over all
sampled points, with an emphasis on the 10 % error threshold, below which
APIT-MEMD performed in 59.0 % of the cases, the 20 % and 25 %, around
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Figure 5.9.: APIT-MEMD decomposition results for five points in an RV
and an LA. The orientation of the mesh is defined by the left-
right axis (LR), superior-inferior axis (SI), anterior-posterior
axis (AP). The upper row time series are the cumulated 3D sig-
nals shifted at a mutual origin of the five points. The remaining
rows describe the components of interest in decreasing order of
frequency: cardiac and respiratory motion and monotonic drift.
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Figure 5.10.: (a) Histogram of heart rate errors over all 555 mapping points.
For 59.0 % of all points, the error was under 10 %, for 80.5 %
of the points it was under 20 %, for 86.8 % it was 25 %, and
for 92.2 % it was 33 %. (b) APIT-MEMD computation time
(top) and heart rate recovery error (bottom) dependency on
the number of noise channels. The top of the bars represent
the number of points within a certain threshold of error: black
– 10 % threshold, blue – 20 %, green – 25 %, red – 33 %. The
histogram in (a) is the detailed visualisation for 5 noise chan-
nels.
which three quarters of the points could be found, and the 33 % threshold,
which covered 92.2 % of the cases. Moreover, Fig. 5.10(b) shows the quantile
results and the computation time for a number of channels varying from 0
to 10. All algorithms were written in unoptimised Matlab R2016b and ran
on an Intel i7 CPU at 3.4 GHz.
Secondly, the cardiac motion amplitude recovery was assessed. Due to the
lack of ground truth, only a quantitative validation was performed. Accord-
ing to previously validated work [121, 123], contact points acquired in my-
ocardial scar zones have a significantly lower cardiac motion amplitude than
points in healthy tissue. This is due to the reduced contractility in patho-
logical tissue. The cardiac motion amplitude extracted with the proposed
method was grouped according to the bipolar voltage of the correspond-
ing point. Scar points were defined as locations with bipolar voltage value
lower than 0.5 mV, while the rest of the points were grouped into heteroge-
neous and healthy tissue, according to the standard for the right ventricle
in clinical literature [121]. The two groups verified the previous findings in
[121, 123] with a statistically significant difference between them (Wilcoxon
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Figure 5.11.: Catheter tip slippage validation: (a) Histogram of coefficient
values for the correlation of the decomposed 3D slippage with
the 3D force values along the direction of the slippage. The
0.9 threshold showed a strong correlation for more than half
of the points, while the 0.8 and 0.75 correlation coefficient val-
ues covered 66.3 % and 70.7 % of the points, respectively. (b)
Correlation of slippage with contact force for different number
of noise channels. The top of the bars represent the num-
ber of points within a certain threshold of error: blue – 10 %
threshold, green – 20 %, red – 25 %. The histogram in (a) is
the detailed visualisation for 5 noise channels. (c) Example of
3D slippage curves (blue) and corresponding force components
along the slippage direction (red).
rank sum test, 5 % significance level). There are no consistent guidelines for
scar delineation in atria. Therefore, the cardiac motion amplitude analysis
was performed on the RV data only.
For the validation of the slippage component, the 3D contact force was
decomposed along the directions of slippage according to Eq. (5.2). There
was a high correlation between the contact force and the slippage in each
direction as can be seen in Fig. 5.11(a). According to [11], force amplitude
of under 196.1 mN (20 g) are indicative of instable contact. Moreover, the
curves in Fig. 5.11(b) show the catheter slippage increasing with the force,
proving the existence of catheter tip drift.
The maximal slippage was also assessed qualitatively. According to [11],
134
[mm]
4
3
2
1
0
0 1 2 3 4 5 6 7 8 9 10
number of noise channels
Figure 5.12.: Maximal slippage amplitudes in 2.5 s-long signals in ventricu-
lar (red) vs. atrial (blue) studies. According to clinical litera-
ture [11], there tends to be worse contact and therefore more
slippage in the ventricle compared to the atrium. There is no
significant dependency on the number of noise channels, but
there is a significant difference between atrial and ventricular
studies (Wilcoxon rank sum test, 5 % significance level).
it is more difficult to keep a good contact with the more motion-prone ven-
tricular wall than with the atrial wall. This results in more endocardial
slippage in the ventricle than in the atrium. Along these lines, the maxi-
mal value of slippage over the entire signal length was compared for atrial
and ventricular electrophysiology studies. The values decomposed with the
proposed APIT-MEMD were in accordance with the clinical literature, in-
dependently of the chosen numbers of noise channels. Fig. 5.12 shows the
average maximal slippage over all ventricular and atrial mapping points for
a variable number of noise channels in APIT-MEMD.
5.5.2. Probabilistic Slippage Prediction and Catheter Tip
Motion Estimation
The MVNR model in Eq. (5.4) was applied to the retrospective patient data
in order to compute the probability of maximal slippage at each mapping
point. The model was cross-validated in a 90 %–10 % configuration, whereby
90 % of the data was assigned to the training set and 10 % was defined as
the test set. This validation was performed for each of the 555 points 10
times, with the 10 % test set as a sliding window through the entire dataset
of the signal time series. The mean average for all 555 points are plotted in
the histogram of Fig. 5.13, showing a narrow histogram of mode errors of
the proposed MVNR model.
Following the validation of the underlying MVNR model which computes
the local slippage probabilities, the global slippage maps were generated.
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Figure 5.13.: Validation of the multivariate normal regression model used for
generating the local probabilities in the DBN of each mapping
point. The model was cross-validated 10 times for each point,
with the test set comprising of a sliding window of 10 % of
the samples in the sequence and the training set covering the
rest. The histogram shows the mean regression error over all
validation tests at each mapping point.
Tab. 5.2 shows four probabilistic maps of slippage for RV, RA, LA, and
TCPC, respectively, each with the median and maximal slippage values
and their probabilities. It was noticed that the area around the tricuspid
valve directing the flow from the RA to the RV, as well as the RV apex,
were regions of high slippage probability. In the LA, unstable areas were the
pulmonary veins ostiae, in accordance with the clinical literature [159, 160].
5.6. Discussion and Conclusion
Catheter tip contact with endocardial tissue during cardiac ablation has
been a major clinical concern. Existing literature recommends an empiri-
cal value of 196.1 mN (20 g) of contact force in order to ensure catheter tip
stability [11]. This value is believed to show sufficient embedding of the
catheter tip into the tissue so that sliding along the endocardium is min-
imised. However, it is also acknowledged that these guidance values cannot
be met in all cases due to high perforation risk in thinner wall areas, such
as the right side of the heart [11] or in enlarged atria such as in CHD pa-
tients. In the datasets used in this research, the contact force amplitude
was 164.7± 203.3 mN (16.8± 19.9 g), which emphasised the need for an ad-
ditional analysis of the slippage itself, since the contact force amplitude was
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Table 5.2.: Colour-coded probability maps of local slippage for CHD cases:
RV, RA, LA, and TCPC. The maximal slippage at each mapping
point is depicted as an ellipsoid with axis lengths corresponding
to the Cartesian slippage components. The orientation of the
surfaces is given by the left-right axis (black), superior-inferior
axis (red), anterior-posterior axis (green).
RV LA [%]
74
55.5
37
18.5
0
10.2 1.9 median slip [mm]
2.6 17.4 P(med. slip) [%]
31.0 6.0 max. slip [mm]
0.8 13.7 P(max. slip) [%]
RA TCPC [%]
74
55.5
37
18.5
0
5.0 2.1 median slip [mm]
0.0 0.0 P(med. slip) [%]
12.5 4.0 max. slip [mm]
1.0 8.8 P(max. slip) [%]
RV LA RA
1.Tricuspid valve 4.Left pulmonary veins 6.Superior vena cava
2.Outflow tract (pulmonary artery) 5.Right pulmonary veins 7.Inferior vena cava
3.Apex
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below the recommended threshold.
In this chapter, a novel intraoperative guidance framework based on ab-
lation catheter motion was proposed. Firstly, the 3D catheter tip position
signal was decomposed into cardiac and respiratory oscillations and an addi-
tional unquantified sliding over the endocardium which has been previously
mentioned in the literature. Secondly, the maximal value of the sliding
signal over time was computed for each point sampled on the anatomy. Fi-
nally, the probability of this maximal drift was estimated and displayed as
a location-specific measure on the endocardial surface.
While many multi-source signals are decomposed using bandpass filtering,
PCA or ICA, it was shown that the short-length catheter signals can be bet-
ter analysed using the data-driven MEMD. However, the convergence and
stability of empirical methods cannot be studied in a conventional manner
[168]. Moreover, since there was no ground truth for either of the extracted
signals other than the ECG, a series of quantitative and qualitative valida-
tion tests based on 3D contact force amplitude and orientation correlation
and on qualitative analysis between anatomical groups were performed to
demonstrate the results. Furthermore, tests on phantom and artificial data
allowed for comparison with the other state-of-the-art decomposition algo-
rithms.
The parameter of the proposed APIT-MEMD algorithm is the number of
noise channels. An analysis on the influence of the number of noise channels
was performed on several occasions (Fig. 5.10(b), 5.11(b), 5.12). Apart
from an outlier in the computation time of the method applied without any
noise channels, it can be concluded that the computation time increases
with the number of channels. In terms of performance, the differences are
small. However, from a qualitative point of view, a number between 4
and 7 noise channels yielded good performance in both heart rate recovery
(Fig. 5.10(b)) and in slippage correlation to the contact force amplitude
and orientation (Fig. 5.11(b)).
The major challenge in the decomposition was the short data recording
window of 2.5 ms for each mapping point. While the results of the empir-
ical method were promising, it was difficult to extract the low-frequency
respiratory wave from the short sequence. Nevertheless, the phantom data
experiments showed good accuracy for longer sequences. Regarding the car-
diac motion amplitude, the design of experiments currently assumed that
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the cardiac motion wave had the same frequency and amplitude in the pre-
slippage and slippage time series. However, the catheter manipulation that
simulated slippage was performed blindly under no control of the applied
force and no visualisation of the resulting time series. Therefore, in several
recordings, the effect of the catheter manipulation undermined the ampli-
tudes of cardiac and respiratory motion and this caused a higher error in the
amplitude recovery. With a force-sensing catheter and real-time visualisa-
tion of the position recording, the catheter manipulation can be performed
more smoothly and the recovered amplitudes closer to the pre-manipulation
values.
In accordance with [11], the large amplitude of slippage compared to the
other components proved that this effect should receive higher attention in
catheter ablation procedures. In addition to its maximal value at each map-
ping point, the probability of this maximal drift was also assessed. Despite
the submillimeter range of slippage in Fig. 5.11(c) and 5.12, the catheter
drift becomes significant over prolonged periods of ablation. While the plot-
ted values were extracted from 2.5 s-long sequences, the ablation of a single
target normally takes 60 s, during which time the catheter tip slippage is
incremental.
MVNR was used to fit the slippage values at each time stamp to a map-
ping point-specific model with catheter tip positions and decomposed car-
diac and respiratory motion as predictors. The regression errors were con-
strained to be normally distributed and thus assigned probabilities from
a normal probability distribution function. The values were then mapped
onto the corresponding slippage. Qualitative ground-truth of the slippage
probability was inferred from clinical literature. One of the most unsta-
ble regions was confirmed by the proposed method as the pulmonary veins
ostiae in the LA, as previously indicated in the clinical literature [159, 160].
The contact force in the atrium was 187.9± 203.3 mN (19.1± 20.7 g) com-
pared to 134.2± 176.0 mN (13.6± 17.9 g) in the ventricle, showing that it is
more difficult to keep good contact in the ventricle. This is in accordance
with the clinical observation of the larger motion range in the ventricle and
the frequent loss of contact especially at diastole [11]. Prolonged loss of con-
tact is more likely to cause sliding. We used this comparison between the
atrium and ventricle to validate the amount of slippage in the two groups.
As demonstrated in the Results section, the shape of the slippage is sig-
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Figure 5.14.: Integration of the proposed methods into the clinical work-
flow of cardiac catheter ablation. Electrical activation and
anatomy reconstruction are already performed simultaneously
in all clinically used EAM systems. The information is gath-
ered from sparse mapping points, for which the catheter tip
position is also available. In this chapter, the EAM is enhanced
with this third step of catheter stability analysis from the tip
motion data. The result is a slippage probability map, which
adds to the anatomical and electrical activation data to aid
the clinician in deciding the most stable ablation locations.
nificantly different than that of the cardiac or even the respiratory com-
ponents. This is due to the assumption in the signal extraction, i.e., that
slippage has a lower frequency than the other two components, and also
due to the MEMD algorithm, which integrates potentially different compo-
nents of the same frequency into a single IMF. Therefore, MEMD is unable
to discriminate between cardiac motion and slippage or respiratory motion
and slippage, if slippage has the same frequency as any of these two physio-
logical motions. However, these cases would not be regarded as slippage, as
this was defined in the Introduction as the relative drift to the cardiac wall.
Since the cardiac wall is moving, only additional components build up the
relative drift, i.e., slippage.
The potential workflow integrating the proposed methods is depicted in
Fig. 5.14. The catheter stability analysis is intended as a step of the elec-
troanatomical mapping and can be performed simultaneously with the gen-
eration of the endocardial surface and of the electrical activation pattern.
These two types of data are already incorporated in electroanatomical map-
ping systems and are based on sparse data acquisition at the mapping points
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locations. The catheter tip motion is readily acquired and can be used for
online stability analysis. The resulting probability map can be used as an
additional source of information for the decision on the optimal ablation
locations.
Catheter tip stability is a prerequisite of successful cardiac ablation. Cur-
rent electroanatomical mapping systems aid the clinician in visualising the
complete cardiac activation, but there is no assessment of motion patterns
at the targeted site. A new framework for intraoperative computer guidance
based on catheter tip slippage measures and motion signal decomposition
was proposed in this chapter. With a combined information of the maxi-
mal 3D slippage and its probability, the clinician can decide on the ablation
targets in order to find the stable positions to deliver RF energy or build a
case for robotic navigation and stabilisation at difficult anatomical targets.
The presented analytical framework can be used for procedural planning in
patients who require ablation in extremely unstable positions, but for whom
alternative more stable neighbouring sites can be found.
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6. Ablation Simulation and
Planning †
6.1. Introduction
Endocardial ablation by RF energy delivery is one of the most common and
effective curative methods for heart rhythm disorders. Pre-procedural plan-
ning with additional knowledge and simulation of the biophysical effects of
cardiac ablation is important to the correct treatment of the disorder with
minimal damage to adjacent tissue. Moreover, the optimal choice of the
ablation site and a minimal number of ablation points based on a good
understanding of electrophysiology and RF energy effects can contribute
to reduced procedure time and a higher traceability of the ablation result.
While most tissue ablation models are based on biophysical heat transfer
equations, this chapter presents a novel mathematical approach of solv-
ing for convolution matrices representing local electric potential changes
after focal ablations. The information is computed from a database of
electroanatomical data collected before and after the ablation. Based on
an exponential description of thermal material changes from the system
control theory, a subject-specific global electrical alignment matrix and a
sequence of subject-independent local ablation matrices are computed and
fitted to a new subject in a leave-one-out framework. As a final step towards
procedural planning, the methods are combined in order to compute the op-
timal ablation points from the pre-ablation and the desired post-ablation
electroanatomical map. The points are refined through a weighted Hidden
Markov Model describing cardiac ablation sequences in the database. The
chain of methods was applied to 21 retrospective ablation cases of congenital
heart disease patients suffering from cardiac arrhythmia.
†Content from this chapter was submitted for revision with IEEE Transactions on Med-
ical Imaging as Constantinescu, M., Lee, S.L., Ernst, S., Yang, G.Z.: Personalised
Endocardial Ablation Models from Sparse Electroanatomical Data
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6.2. Motivation
One of the most common curative methods of heart rhythm disorders is
endocardial RF ablation with a designated catheter inserted into the tar-
geted cardiac chamber. The ablation catheter is moved discretely from one
location to the other; the purpose of each RF application is the creation of
a transmural lesion, blocking the electrical conduction in depth, either in
the case of single ablation of focal arrhythmias, linear transsection of reen-
trant tachycardias [169], or circular isolation of pulmonary veins in atrial
fibrillation [161].
While efficient point-wise ablation is the primary goal in each procedure,
the endocardial access, tortous anatomy, and atypical arrhythmia propaga-
tion are additional challenges that electrophysiologists face in patients with
congenital heart disease. Surgically altered tissue and scars provide a good
substrate for abnormal electrical activation due to slow conduction [170].
The prevalence of cardiac arrhythmias is higher in this population than in
subjects with no previous surgical record, making their efficient treatment
a priority and a challenge [171, 172].
EAM has been established as an important intraoperative imaging tech-
nology. However, it is only capable of displaying surface information when
the catheter tip is in contact with the cardiac wall. This is a major pitfall
for guidance during cardiac ablation. In recent years, it was acknowledged
that in-depth tissue parameter changes during cardiac ablation should be
added to the intraoperative visualisation of the endocardial surface. As a
first proposal, the temperature distribution and the ablated surface were es-
timated from heat transfer biophysical models, derived from subject-specific
imaging and physiological tissue paramters, and visualised in near-real time
[131]. The model showed a good quantitative prediction accuracy of the
temperature profile and lesion area, but the ablation effect on the conduc-
tion system, and thus on the local electrical tissue parameters, was not
investigated.
The thermal response during laser ablation was also modelled and the
thermal damage was quantified from the first-order differential equation
(6.1) first proposed in [173], coupled with a Monte Carlo simulation of the
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3D temperature distribution and evolution in cancerous tissue [174].
ρc
∂T (r, t)
∂t
= λT (r, t) + S(r, t)− ρρBcBωB[T (r, t)− TB]. (6.1)
T (r, t) is the tissue temperature and S(r, t) is the applied laser energy, both
of which were considered dependent on the time t and the position vector
r. The model parameters are the density and the specific heat of the tissue
ρ and c, the density and the specific heat of the blood perfusing the tissue
volume ρB and cB, the blood volume itself ωB and its temperature TB, and
the heat conductivity of the tissue λ.
Based on this equation, the diameter of ablation lesions was simulated
and the accuracy was in the order of 10 %-15 % compared to the measured
histological values. Despite these findings, the applicability of Monte Carlo
techniques is limited to laser ablation due to the nature of interaction be-
tween light and tissue (absorption, scattering), which is different in the case
of RF ablation.
The heat transfer models have also been adapted for cardiac ablation
[175, 176]; however, none has been yet implemented clinically. According to
cardiology literature [177], as well as physiological modelling, cardiac tissue
ablation effects are explained in the clinical practice as the reduction of local
potential, i.e., unipolar or bipolar voltage, as measured by the impedance
sensor at the tip of any cardiac mapping/ablation catheter. Moreover, the
decrease in electric potential during ablation is exponential, described by a
first-order differential equation [178, 179]. Its general form is given by:
dQ(t)
dt
+KQ(t) = 0, (6.2)
where Q(t) is the electric potential; K describes the proportionality of the
decrease rate dQ(t)dt to the quantity or electric potential Q(t) and is a tissue-
specific parameter.
Regarding cardiac ablation as a surgical procedure with several phases,
each comprising the ablation of one location on the endocardium, a com-
mon approach to describing such a process is the parameterisation of Hidden
Markov Models (HMM). These have found a large spectrum of applications
in surgical planning due to their ability to order procedural phases in chrono-
logical sequence. In their most popular use, a dictionary of surgical gestures
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is built, i.e., states, and the HMM grammar of transition between states is
defined [180, 181]. This approach was also integrated into the framework
presented in this chapter, in order to enhance the modelling capabilities of
the proposed methods.
Thermal effects of RF ablation have been studied in many tissue types
and through various biophysical models, many of them involving compu-
tationally expensive partial differential equations. However, all of these
studies were limited to local analyses of the ablation lesion area. Moreover,
the effects of a sequence of several ablations has not been investigated so
far. Finally, the methods proposed in the literature are aimed at simulation
of the ablation end result, but are not able to search for optimal ablation
locations in order to achieve a certain profile of physiological values across
the tissue surface.
The present chapter addresses these concerns by proposing a three-stage
framework comprising of:
1. electroanatomical registration,
2. ablation mask decomposition, and
3. optimal ablation sequence modelling.
The methods are based on the differential equation describing thermal and
physiological changes in ablated tissue, i.e., Eq. (6.1) and its simplification
in Eq. (6.2). The mathematical solution of the latter equation correlates
the pre- and post-ablation electrical values on the endocardial FAM and is
used to extract a transformation matrix uniquely describing each ablation
case. This matrix encodes both a patient-specific matrix that describes the
global changes in the electrical values, called electroanatomical registration
(step 1), and the sequence of multiplicative matrices describing local tissue
changes, called ablation masks in this chapter. Through normalisation and
conformal mapping, all ablation cases are brought into a mutual reference
system in which a linear system of equations representing all ablation points
in all cases can be solved (step 2). Finally, in order to compute an optimal
ablation sequence given a new pre-ablation FAM and a desired post-ablation
FAM, a binary search in the space of all possible ablation points is performed
and their ordering given by a trained HMM is computed (step 3).
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Training data processing
(a) Simulation of known ablation
sequence
(b) Optimisation of ablation loca-
tions and sequence
Figure 6.1.: The workflow of the key steps involved in the proposed method:
(a) Simulation: estimation of the post-ablation electrical values
in the cardiac chamber from the known pre-ablation FAM and
chain of ablation points. (b): Optimisation: computation of
optimal ablation locations from the known pre-ablation FAM
and desired post-ablation electrical values.
The framework was applied to two clinically relevant scenarios, one of
endocardial ablation simulation and one of ablation site planning. The first
scenario simulates the post-ablation distribution of electrical voltages and
activation times from a known pre-ablation FAM and a pre-established se-
quence of ablation points. In the second application, a desired post-ablation
FAM, which could be imported from previous ablation studies, and the pre-
ablation map are fed into an algorithm which computes the optimal ablation
points location and sequence. The complete workflow is presented in Fig.
6.1.
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6.3. Data Acquisition
Endocardial electroanatomical data collected with a CARTO R© 3 mapping
system in 21 cases of cardiac ablation was analysed retrospectively in this
chapter. The procedures had been performed on CHD patients with sur-
gically corrected Tetralogy of Fallot and univentricular hearts, i.e. Fontan
repair. The patients suffered from arrhythmias which were treated by abla-
tion in either the RA – 12 cases, or in the LA – 9 cases. Each case was defined
by the pre- and post-ablation FAMs, with their LAT, unipolar and bipolar
voltages displayed vertex-wise on the anatomical mesh, and the sequence of
ablation points and their 3D positions on the pre-ablation FAM. The mean
number of ablation points in RA was 15.75±11.43 and 19.88±15.00 in LA
and it was considered that all ablation points were transmural, which is a
necessary criterium for an effective ablation [182].
In addition to the ablation points of each study, the points located on
the interatrial septum were assigned to both RA and LA. According to the
average atrial wall thickness values [182], points in the adjoining atrium
located within 5 mm of the current surface were defined as septal ablation
points. The transmurality condition set on all ablation points implies that
interseptal ablation has an effect in both atria.
6.4. Methods
6.4.1. Data Preprocessing
In order to construct a homogeneous database across all studies, a uniformly
sampled nV-vertex spherical mesh (nV = 4000) was generated with the
method described in [183, 184]. The approach is inspired by the 3D position
optimisation for a predefined number of equally-charged electrical particles
on a sphere, solved by minimising the electrostatic potential energy of the
distribution.
Simultaneously, each FAM was converted into a sphere using the bijec-
tive conformal map developed in [185]. The method optimises an objective
function that ensures both the accuracy of the conformal parameterisation
and the alignment of anatomical landmarks for a clinically meaningful map.
In order to generate correspondences across the entire dataset of conformal
maps, which at this stage had a subject-variable number of vertices as in the
147
original FAM, the nV-vertex sphere was centered and expanded to match
the radius of the conformal map in each subject.
Finally, for each subject in the database, the electrical values of the ver-
tices on the new FAM sphere were assigned as the values of the closest
vertex on the original FAM. The ablation points were also projected to the
closest vertex on the new FAM.
6.4.2. Pre- and Post-Ablation Mapping
The effect of cardiac ablation on electrical tissue properties according to Eq.
(6.2) was quantified discretely on the dense mesh of nV = 4000 vertices, with
measurements available before and after the ablation. The time-continuous
solution of this equation is:
Q(t) = Q0e
−KtC, (6.3)
whereby Q0 represents the initial value before the ablation and C is a general
proportionality constant. Adapting this generic solution to the ablation of
one point on the endocardium, the relationship between normalised pre-
and post-ablation electrical values, Qpre and Qpost, is given by:
Qpost = Qpree
−AtablC, (6.4)
with A the location-specific ablation matrix and tabl the ablation time at the
current point. The electrical values Qpre and Qpost are nV×3 matrices, each
column representing in order the normalised unipolar and bipolar voltages
and the LAT. The term e−Atabl is then a square matrix of rank 3, and so
is the ablation matrix A. The proportionality constant C is now a square
matrix of rank 3.
For a chain of N ablation points, Eq. (6.4) takes the form:
Qpost = Qpree
−A1tabl,1e−A2tabl,2 ...e−AN tabl,NC. (6.5)
The ablation time tabl,i is the time needed to create a transmural ablation
at point i, i = 1, N , therefore it is dependent on local tissue properties
such as wall thickness [182]. Finally, the ablation matrix can be written as
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Mi = Aitabl,i. Thus, the chain of m ablation points becomes:
Qpost = Qpree
−M1e−M2 ...e−MNC. (6.6)
The equivalence
∏N
i=1 e
−Mi = e−
∑N
i=1 Mi , which linearises the model in Mi
and allows for commutation of summation terms, holds if and only if the
matrices Mi, and therefore e
−Mi , are symmetric.
The electrical values of the pre- and post-ablation FAMs exported from
CARTO can be related in a generic form by:
Qpost = QpreΦ, (6.7)
where Φ can be represented in turn as:
Φ = ΨR. (6.8)
Eq. (6.8) is called the polar decomposition, with Ψ an ablation matrix
(symmetric) of the form in Eq. (6.9) and R a global alignment matrix
(unitary) between the two FAMs, both matrices being of rank 3.
Ψ = e−(M1+M2+...+MN ) (6.9)
Here, Mi, i = 1, N , is the chain of ablations performed in the current subject
and the matrix R is the previously generic constant C. Finally, the subject-
specific relationship between the pre-and post-ablation electrical values on
the endocardial mesh can be expressed as:
Qpost = Qpree
−(M1+M2+...+MN )R. (6.10)
6.4.3. Global Electroanatomical Alignment
The mathematical relationship in Eq. (6.10) between the pre- and post-
ablation electrical values of the endocardium contains a subject-specific
global alignment matrix R and an exponential multiplication chain of subject-
independent ablation masks Mi, i = 1, N , with N the number of ablation
points.
While the matrix R is from a strictly mathematical point of view a mul-
tiplication constant in the solution of the differential equation (6.4) or a
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Rˆ =
 c(α)c(β) −c(β)s(α) s(β)c(γ)s(α) + c(α)s(β)s(γ) c(α)c(γ)− s(α)s(β)s(γ) −c(β)s(γ)
s(α)s(γ)− c(α)c(γ)s(β) c(α)s(γ) + c(γ)s(α)s(β) c(β)c(γ)

(6.11)
unitary matrix resulting from the polar decomposition in Eq. (6.8), its
physiological meaning is related to the global changes in electrical pathways
when ablation is performed, which are not represented in the chain of local
ablation matrices Mi, i = 1, N . It can be regarded as an electrical alignment
of the post- and pre-ablation FAMs. Being a subject-specific factorisation,
the alignment matrix in case of a new patient must be learned from the
existing database. In this chapter, Support Vector Machine (SVM) regres-
sion was applied in a leave-one-out framework to firstly train a model on
the database of possible parameter combinations and then fit the param-
eters of the electroanatomical alignment matrix R of a new subject. The
training was performed for each group, i.e., RA or LA, independently, thus
generating two separate models.
The fitting of a full-rank unitary 3×3-matrix R is equivalent to fixing two
parameters for each column and obtaining the third one as the complement
to the unitary form of the column vector, in total six fixed parameters;
moreover, the matrix R needs to maximise the alignment between the pre-
and post-ablation FAMs. In order to reduce the number of parameters of
the regression model and to match the form of other alignment matrices,
the matrix R was simplified to a 3D rotation matrix Rˆ, with α, β and γ
the rotation angles about the global x, y and z axes. The matrix Rˆ in
Eq. (6.11), with c = cos and s = sin, rotates the pre-ablation FAM into
the post-ablation FAM coordinate system. Due to the representation of
the FAMs as spheres with corresponding vertices, the proposed electrical
rotation is equivalent to an anatomical rotation. Finally, the weighted SVM
regression model is reduced from 6 to 3 parameters for each case in the
database, while still ensuring that the matrix is a valid unitary factor of the
polar decomposition.
The predictor for the weighted SVM regression model, i.e., the three rota-
tion parameters for each FAM pair, was mapped using a nonlinear Gaussian
kernel function. The SVM algorithm was an off-the-shelf function of MAT-
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LAB R2016b with Sequential Minimal Optimization solver [186, 187].
6.4.4. Ablation Mask Decomposition
From Eq. (6.9), the sum of ablation masks for each case can be represented
as in Eq. (6.12). Due to the polar decomposition, each component e−Mi , i =
1, N , is a symmetric matrix of full rank 3 and so is its logarithm matrix Mi.
M1 + M2 + ...+ MN = −log(Ψ)
MΣ = −log(Ψ)
(6.12)
Each symmetric matrix Mi, i ∈ {1, N,Σ}, can be represented by only six
parameters as:
Mi =
mi,1 mi,2 mi,3mi,2 mi,4 mi,5
mi,3 mi,5 mi,6
 . (6.13)
Due to the approximation of the unitary matrix R with the rotation matrix
Rˆ, there was a loss of accuracy in the resulting matrix Φˆ = ΨRˆ compared to
the original matrix Φ from Eq. (6.8). To prevent this, the extraction of the
rotation angles α, β and γ and of the cumulated ablation coefficients mΣ =
mΣi, i = 1, 6 was constrained to optimise the mapping of the post- to the
pre-ablation FAM within each case. This is formulated mathematically in
Eq. (6.14), where Qpost,i and Qpre,i, i = 1, nV, are the vectors of normalised
values of unipolar and bipolar voltages and of LAT at vertex i in the post-
and pre-ablation FAMs, respectively.
α
β
γ
mˆΣ
 = arg min[α,β,γ,mΣ]T
nV∑
i=1
‖Qpost,i −Qpre,iΨˆRˆ‖, (6.14)
Ψˆ = e−MˆΣ
Based on the spherical representation of FAMs with the same number of
vertices across all patients, a linear system of equations can be built from
which ablation masks taken at certain vertices existent in the dataset can be
computed. The underlying assumption was that ablation at the same vertex
in two different patients will have the same effect on the electrical values
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of the FAM. This assumption is justified by the homogeneous datasets of
RA and LA and also by the landmark-aligned conformal mapping which
guarantees the anatomical correspondence across patients.
Consequently, the list of ablation points was unified across all RA and
LA studies in the database. In order to distinguish which ablation points
were taken in each study, a binary matrix S contained column-wise the list
of ablation points in each study. The system of equations is mathematically
formulated as
S ·X = Σ, (6.15)
with
X =

m1,1 m1,2 ... m1,6
m2,1 m2,2 ... m2,6
...
... ...
...
mN,1 mN,2 ... mN,6

Σ =

mΣ1,1 mΣ1,2 ... mΣ1,6
mΣ2,1 mΣ2,2 ... mΣ2,6
...
... ...
...
mΣP,1 mΣP,2 ... mΣP,6

Here, X contains row-wise the six parameters of the ablation mask corre-
sponding to each point i, i = 1, N , previously found in matrix Mi, and Σ
contains the composition of ablation masks in each study j, j = 1, P .
With P×6 equations available to solve for the N×6 parameters of matrix
X, where NP , Eq. (6.15) was underdetermined. The solution called
for an optimisation approach, which was implemented as Least Squares
according to Eq. (6.16). Finally, Σ is the matrix defined in Eq. (6.15).
Xˆ = (STS)−1STΣ (6.16)
Eq. (6.16) computes the ablation mask parameters of the vertices ablated
in the database cases. However, for a new case, it is not guaranteed that
all ablations will be performed at previous trained locations. Additional
rules were developed in order to fit the new vertices as ablation points and
compute their ablation mask parameters.
Firstly, the six parameters of the ablation mask were interpolated linearly
from the values of the neighbouring ablation points. The values of each
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neighbour were weighted inversely to the geodesic distance between this
vertex and the current point of interest. The neighbourhood was defined
by k, the number of vertices along the shortest path between the current
vertex and the closest ablation point. Any other ablation point, even if not
the closest, was added to the interpolation if it was k-vertices away from
the current location of interest.
However, if the neighbouring points found in the database were more
than 15 mm away from the current vertex, they were discarded and the
ablation mask parameters were computed from a general model of atrial
ablation. The threshold of 15 mm was set according to the settings of the
CARTO electroanatomical reconstruction software chosen by the clinician
for the datasets used in this research. This threshold is applied by the elec-
troanatomical mapping system to the interpolation algorithm when com-
puting local electrical values on the dense FAM from sparse measurements
of the catheter tip measurements.
The model of atrial ablation was implemented as SVM regression to fit
ablation mask parameters of a new vertex by knowing its 3D location in
the anatomy and its pre-ablation electrical values, i.e., unipolar and bipolar
voltage and LAT. The training set comprised of all ablation points in RA
or LA, depending on the current anatomy, for which the 3D positions on
the template spherical mesh and the electrical values were the observed
variables and the six parameters of each ablation mask were the response
variables. The SVM fitting was performed using a Gaussian kernel.
A diagram summarising the computation of ablation mask parameters for
a new vertex is shown in Fig. 6.2.
6.4.5. Optimal Ablation Sequence
The framework presented so far in this chapter is applicable to at least two
clinical scenarios, one of ablation simulation and one of procedural planning
in terms of optimal positioning of the ablation points. In both cases, the
pre-ablation FAM must be known and the ablation masks decomposed as
in Seq. 6.4.4. Moreover, the electrical alignment matrix must be estimated
from the pre-ablation FAM as described in Seq. 6.4.3. In the ablation
simulation scenario, the vertex number of each intended ablation location
must be known, since this encodes the ablation point position and uniquely
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Figure 6.2.: Computation of the ablation mask parameters for a new vertex
in a new ablation case. In the second decision box, the threshold
of 15 mm is a commonly used value in electrophysiological stud-
ies for the interpolation of CARTO maps from sparse points.
This is explained in subsection 4.4.3.
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associates it with an ablation mask. The algorithm then computes the post-
ablation FAM values.
In the second scenario of optimal positioning and sequencing of ablation
points, the post-ablation FAM must be known. In clinical practice, the
post-ablation FAM values could be generated artificially by the clinician
in the procedural planning. This could be easily achieved by population-
based statistical analysis of the previous ablation cases of the same atria
and similar arrhythmias.
Once the target post-ablation FAM is available, the optimal location and
number of ablation points can be computed. The framework proposed for
this purpose is composed of a binary optimisation and a sequence ordering
via HMM.
In the binary optimisation step, ablation points from the pre-existing
database are selected to minimise the difference between electrical values of
the desired post-ablation FAM and the one achievable with the proposed
set of ablation points. Here, the optimisation argument is the vector si
corresponding to the i-th row in matrix S from Eq. (6.15). The binary
values of this vector need to minimise an objective function of the form:
f(si) =
N∑
j=1
sij + sidi +
nV∑
j=1
‖Qpost,j −Qpre,jΨˆRˆ‖ (6.17)
The first term counts the number of chosen ablation points among the N
points in the database. The second term penalises chosen points which
are far from any other ablation points (di), with di the geodesic distances
of each chosen point to the nearest ablation point in the training dataset,
computed on a spherical mesh [188]. Finally, the last term optimises the fit
of the computed chain of ablation masks, encoded by Ψˆ, compared to the
known electrical values Qpost. The matrix Ψˆ is the only factor in this term
depending on the binary choice of ablation points in vector si.
The binary search algorithm (Alg. 6.1) was built as a mixture of Monte
Carlo tree [189] and tabu search [190, 191]. While Monte Carlo tree search
is known for its ability to simulate scenarios of leaf expansion in order to
find a solution, tabu search is mostly used to relax combinatorial problems
and find solutions beyond the local optimum. The tabu search marks vis-
ited solutions (history) so that the newly proposed solution is guaranteed
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Initialisation:
• randomise initial binary distribution of si,0;
• calculate the objective function f(si,0) from Eq. (6.17);
• initiate tabu list with si,0;
• nit number of iterations, j = 0 current iteration.
while j<nit & length(tabu list)<length(si,0) do
1. change one random value of si,j ,
so that the new s′i,j is not in the tabu list;
2. add s′i,j to the tabu list;
3. calculate the objective function f(s′i,j);
if f(s′i,j)<f(si,j) then
4. si,j+1 = s
′
i,j ;
5. reset j = 1;
Algorithm 6.1: Binary search algorithm for the optimal choice of
ablation points si, with a combination of Monte Carlo tree and tabu
search.
to bring an improvement. The algorithm was initialised from the list of
ablation points of the study whose pre- and post-ablation electrical values
were the closest to the ones in the current study.
In the second step of the optimised choice of ablation points, the proposed
ablation points were ordered into a sequence based on an HMM representa-
tion of the available sequences in the database and on the initial estimate
of ablation points computed in the first step. The general HMM describing
an ablation sequence is shown in Fig. 6.3(a). Each state is described by
the matrix of electrical values Qi, i = 0, N obtained after the application
of the first i ablation points. It also has a corresponding observed variable
Pi which, along with the preceding state Qi−1, fully describes the current
state. The observed variable Pi is associated solely with the current abla-
tion point, which enabled a one-to-one interpretation of the inference result.
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Figure 6.3.: (a) Graphical representation of the ablation of N points, start-
ing from the pre-ablation FAM Qpre (initial state) to the post-
ablation FAM Qpost (final state). The states Qi, i = 1, N , are
hidden, but the chosen ablation points Pi are observed. (b)
Lattice diagram for the HMM representation of the ablation
process in an RA (upper plot) and in an LA (lower plot). In
total, n states were simulated over n time steps, with n = 175
in the RA and n = 137 in the LA, corresponding to the total
number of ablation points over all RAs and all LAs, respec-
tively. For better visualisation only 5 RA and 4 LA ablation
sequences were plotted, each shown in different colour.
The HMM was trained on a leave-one-out basis on the combined dataset
of states and sequences from P -1 studies, for which the states and the
sequences were known, and tested on the i-th study, for which the sequences
were estimated in the binary search. The transition and emission matrices,
Θ and Ξ, respectively, were computed from the P -1 sequences available,
spanning all N states, equal in number to the ablation points. This is
shown mathematically in Eq. (6.18).
Θ(Qi,j ,Qi,j+1) = Θ(Qi,j ,Qi,j+1) + 1
Ξ(Qi,j ,Pi,j) = Ξ(Qi,j ,Pi,j) + 1
(6.18)
Finally, the transition and emission probability matrices, T and E, respec-
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tively, were computed by normalising the rows of Θ and Ξ as in Eq. (6.19).
Tij =
Θij∑N
j=0 Θij
and Eij =
Ξij∑N
j=0 Ξij
(6.19)
The second stage in computing the optimal ablation points was finalised
with an implementation of the Viterbi algorithm [192] which finds the most
probable path of states Q given the sequence of inputs P and the transition
and emission probability matrices T and E. This corresponds to an instan-
tiation of the HMM model given an initial sequence of proposed ablation
points. Thus, the interpretation of the Viterbi algorithm in the proposed
framework is the refinement of the proposed ablation points by including in-
formation on the possible sequence according to the examples in the training
database.
6.5. Results
6.5.1. Data Preprocessing
The conformal mapping of the FAMs to a sphere of nV = 4000 vertices
reduced each mesh by 2156.5± 1023.5 vertices. Moreover, it yielded a mean
difference of 0.6± 0.5 mm in absolute edge lengths across all FAMs before
and after the conformal mapping, with 0.6± 0.6 mm in RA and 0.6± 0.1 mm
in LA.
6.5.2. Pre- and Post-Ablation Mapping
In preparation for the global electroanatomical alignment of a new patient
and for the ablation mask decomposition, the set of parameters in Eq.
(6.14), linking the post- and pre-ablation FAMs, were computed for each
patient in the database. Despite the nonlinear optimisation compensating
for accuracy loss due to the use of matrix Φˆopt = ΨˆRˆ, this transformation
matrix of rank 3 remained only an approximation of the mathematical re-
lationship between Qpost and Qpre, both of size nV×3. The approximation
error was quantified in terms of vertex-wise difference between local electri-
cal values, i.e. unipolar and bipolar voltages and LAT, as in Eq. (6.20) and
with the results in Tab. 6.1 (line 3). The error was computed as the mean
over all P subjects, with Φˆopt,i the optimisation result for patient i. For
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Table 6.1.: Accuracy reduction due to the mapping of the pre- and post-
ablation FAMs through a rank-3 matrix: Qpost = QpreΦ. Line
1: Φ = Q+preQpost, with Q
+
pre = (Q
T
preQpre)
−1QTpre the Moore-
Penrose pseudoinverse of Qpre; Line 2: Φˆ = ΨRˆ; Line 3:
Φˆopt = ΨˆRˆ.
unipolar voltage [%] bipolar voltage [%] LAT [%]
R
A
Φ 2.67± 1.37 4.07± 2.71 3.94± 3.10
Φˆ 2.46± 1.32 3.84± 2.70 3.88± 3.16
Φˆopt 2.34± 1.28 3.60± 2.39 3.58± 2.97
L
A
Φ 5.09± 2.66 3.40± 2.62 7.93± 4.01
Φˆ 5.19± 2.71 3.42± 2.51 7.20± 3.86
Φˆopt 3.61± 2.99 2.95± 2.43 6.98± 3.11
comparison, the results obtained with Φ = Q+preQpost (line 1) and Φˆ = ΨRˆ,
with Rˆ the approximation as rotation matrix, but without optimisation of
Ψ (line 2), are also displayed. The matrix Q+pre = (Q
T
preQpre)
−1QTpre is the
Moore-Penrose pseudoinverse of Qpre.
e =
1
P
1
nV
P∑
i=1
nV∑
j=1
‖Qpost,ji −Qpre,jiΦˆopt,i‖ (6.20)
6.5.3. Cross-Validation for a Known Sequence of Ablation
Points
As described in Sec. 6.4.5, two scenarios were followed for the application
of the presented methods. In the first scenario, the simulation of a pre-
established sequence of ablation points was performed and the estimated
electrical values of the post-ablation FAM were computed. This involved
the execution of the two steps in Sec. 6.4.4 and 6.4.5. The accuracy in
estimating the post-ablation electrical values given a chain of ablation lo-
cations was also quantified by Eq. (6.20) in a cross-validation framework.
Here, each pair of pre- and post-ablation FAMs, i.e. each study, was left
out from the training set in turn and the estimation errors were averaged
over all studies and all vertices.
On the computation of the ablation masks, the steps of the cross-validation
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can be summarised as follows:
1. establish the list of ablation vertices in each of the P -1 patients;
2. build matrix S of the equation system (6.15);
3. solve the equation system for Xˆ as in Eq. (6.16);
4. extract the lines corresponding to the index of the ablation points in
the desired sequence i;
5. construct the ablation masks:
a) for a known ablation vertex from the training set, compute Mi
as in Eq. (6.13).
b) for a new vertex, follow the additional rules according to the
diagram in Fig. 6.2.
Simultaneously to the ablation mask computation, the electroanatomical
alignment was performed:
6. extract the α, β and γ parameters in the rotation matrix Rˆ of Eq.
(6.11) for each study in the training data;
7. train the SVM regression model on the electrical values of the pre-
ablation FAMs;
8. estimate the α, β and γ parameters for the new study given the pre-
ablation FAM.
Finally, the post-ablation FAM was estimated from Eq. (6.10). The estima-
tion error computed from Eq. (6.20) is shown in the first line of Tab. 6.2.
By comparison, the estimation errors of the ablation masks Mi, i = 1, N
and of the rotation matrix R when the other term is known, i.e., R and
Mi, respectively, are also displayed in the second and third line of Tab. 6.2.
Finally, FAM reconstruction plots for each anatomy are shown in Tab. 6.3.
6.5.4. Optimal Ablation Sequence for a Known Output
The computation of the optimal sequence and locations of ablation points
overlapped in many steps with 6.5.3: the ablation masks of the points in the
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Table 6.2.: Cross-validation results for estimating the post-ablation FAM
from the known pre-ablation FAM and the known ablation
points, according to Eq. (6.10). Line 1: estimation of both
Mi and Rˆ. Line 2: estimation of Mi only. Line 3: estimation
of Rˆ only.
unipolar voltage [%] bipolar voltage [%] LAT [%]
R
A
e 4.97± 10.04 6.69± 12.66 16.21± 14.68
eM 7.91± 7.11 5.76± 6.22 12.73± 91.17
eR 6.16± 5.61 9.25± 5.18 21.54± 18.63
L
A
e 14.35± 6.99 8.89± 9.09 16.20± 14.30
eM 18.25± 40.96 24.19± 72.69 10.60± 79.33
eR 22.26± 15.16 16.30± 8.81 20.80± 10.53
training data were estimated (steps 1-4) and the electroanatomical align-
ment matrix was generated from the pre-ablation FAM and the SVM re-
gression model (steps 6-8). Adding the electrical information of the desired
post-ablation FAM, the location and number of ablation points were opti-
mised as described in Sec. 6.4.5 and then their sequence established using
the trained HMM of cardiac ablation chains seen in the database.
The training of the HMM yielded a combination of N+1 states and N+1
input sequences, with N the number of ablation points. The additional
N+1-st state encodes the pre-ablation FAM and the additional input cor-
responds to no ablation point. The combination of states and sequences
was simulated from the transition and emission probability matrices in Eq.
(6.19) and the result can be represented in a lattice diagram as in Fig.
6.3(b).
Tab. 6.4 shows a numerical comparison in terms of accuracy to represent
the desired post-ablation FAM by the list of ablation points as exported from
CARTO R© (ground truth points) and as selected in the two optimisation
approaches, i.e. binary search and binary search with added HMM. The
errors were computed vertex-wise and averaged as in Eq. (6.20). Moreover,
Tab. 6.5 shows comparatively the number of ablation points in the ground-
truth retrospective list and after binary optimisation and HMM sequencing,
respectively.
Results for the two atria are displayed in detail in Tab. 6.6, with the
ground truth ablation points (red) and the computed points from the binary
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Table 6.3.: Estimation of post-ablation FAM from a known sequence of ab-
lation points. LAT maps in RA and LA [ms]. The anatomy
meshes are colour-coded: blue – MRI, red – FAM. The orien-
tation is given by the superior-inferior axis (red), left-right axis
(black), anterior-posterior axis (green).
anatomy pre-ablation points estimation ground truth
R
A
[ms] [ms] [ms]
300 300 300
225 225 225
150 150 150
75 75 75
0 0 0
L
A
[ms] [ms] [ms]
300 300 300
225 225 225
150 150 150
75 75 75
0 0 0
optimisation (black) and from the added HMM model (blue) pictured on
the same reference mesh.The post-ablation FAM for each of the proposed
sequences was also computed, with the FAM with no optimisation based on
the ground truth ablation points.
Tab. 6.7 shows the computation of the ablation result based on the se-
quence of ablation points exported from CARTO R© (ground truth) and on
the sequence computed with the HMM binary optimisation. The improve-
ment in the LAT maps can be seen at each iteration.
6.6. Discussion and Conclusion
In this chapter, a novel framework for simulation and procedural planning
of cardiac ablation procedures has been presented. The proposed methods
are based on the mathematical representation of the ablation as a matrix
multiplication of the electrical pre-ablation endocardial values with location
specific so-called ablation masks of each ablation points and with a patient-
specific rotation matrix, designed to align the pre- and post-ablation elec-
troanatomies. From the known pre-ablation FAM values, either the result
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Table 6.4.: Estimation errors of the simulated post-ablation FAM for dif-
ferent sequences of ablation points. Line 1: ablation chain of
ground truth points. Line 2: ablation list from binary optimisa-
tion. Line 3: ablation list from binary optimisation with added
HMM sequence.
unipolar voltage [%] bipolar voltage [%] LAT [%]
R
A
e0 6.69± 11.36 7.37± 8.41 18.83± 21.08
ebin 4.46± 2.36 5.45± 8.62 10.06± 9.54
eHMM 4.23± 1.82 5.16± 8.42 8.59± 10.16
L
A
e0 14.72± 8.83 13.73± 11.08 26.25± 17.88
ebin 6.81± 8.35 8.43± 10.10 13.00± 15.07
eHMM 6.44± 2.85 9.40± 6.63 15.43± 14.13
Table 6.5.: Average number of ablation points proposed with the binary op-
timisation (column 2) and binary optimisation with added HMM
sequencing (column 3) compared to the number of ground truth
points (column 1).
n0 [pts.] nbin [pts.] nHMM [pts.]
RA 14.0± 11.2 2.5± 1.5 3.5± 2.5
LA 8.0± 10.8 4.0± 2.6 6.0± 2.6
of a chain of ablation points can be simulated or the location and number
of ablation points can be computed if a desired post-ablation FAM is given.
Focal ablation was modelled as a first-order differential equation describ-
ing the electrical potential decay after RF energy delivery. The exponen-
tial solution of this equation, computed for each ablation point separately,
allowed for chain multiplication of several ablation points at different lo-
cations, under the assumption of constant energy level and contact force.
While these may seem as extremely restrictive assumptions, they can be
easily realised by regarding them as location-specific parameters on the en-
docardium. This means that anatomical features which influence the RF
energy level or the increase in contact force, i.e., higher energy level at re-
gions with thicker endocardium or increased catheter tip force in regions
of high instability, are similar across all RAs and LAs. This group-wise
similarity assumption is supported by previous analysis on homogeneous
cohorts of RA and LA in congenital heart disease patients [1]. Both of
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Table 6.6.: Computation of the optimal ablation sequence from a desired
output, with LAT maps in RA and LA [ms]. The post-ablation
FAMs are ground truth. The ablation points are colour-coded
as follows: red – ground truth, black – binary optimisation, blue
– binary optimisation combined with HMM. The orientation of
the FAMs is given by the superior-inferior axis (red), left-right
axis (black), anterior-posterior axis (green).
pre-abl. post-abl. points no opt. bin. opt. HMM
R
A
[ms] [ms] [ms] [ms] [ms]
300 300 300 300 300
225 225 225 225 225
150 150 150 150 150
75 75 75 75 75
0 0 0 0 0
L
A
[ms] [ms] [ms] [ms] [ms]
300 300 300 300 300
225 225 225 225 225
150 150 150 150 150
75 75 75 75 75
0 0 0 0 0
these location-specific features, i.e., RF energy level and contact force, are
encoded in the local ablation mask at each point individually.
Continuing the population-based study, it was assumed that the same
ablation strategy following lesion transmurality was employed for all cases
in each cohort, personalised by each patient’s electroanatomy. The perfor-
mance of regression models in extracting similarity of electroanatomy within
each group and fitting a new patient has already been verified in [1] and was
fundamental to the present work. Furthermore, the anatomical correspon-
dence was ensured by the choice of the conformal mapping method, which
optimised a combined function of folding-free spherical parameterisation
and accurate landmark representation [185].
The solution of the ablation differential equation 6.4 gave a mathemati-
cal correlation between the pre- and post-ablation electrical values at each
vertex on the FAM. The resulting matrix was regarded as a multiplication
of a unitary matrix and a symmetric exponential matrix, as obtained per
polar decomposition. The unitary matrix was considered a patient-specific
component, defined by the six independent parameters in a rank-3 unitary
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Table 6.7.: Sequencing of the proposed ablation points as computed with the
binary optimisation algorithm combined with HMM. LAT maps
[ms] resulting for an RA and an LA, compared to the simple
chronological sequence as in the retrospective list of ground-truth
ablation points. The post-ablation FAMs are ground truth. The
orientation of the FAMs is given by the superior-inferior axis
(red), left-right axis (black), anterior-posterior axis (green).
pre-abl. iteration 1 iteration 2 iteration 3 iteration 4 post-abl.
R
A
n
o
op
t.
7 pts. 14 pts. 22 pts. 29 pts. 29 pts.
300
225
150
75
0
[ms]
H
M
M
1 pt. 2 pts. 3 pts. 4 pts.
L
A
n
o
op
t.
3 pts. 7 pts. 10 pts. 14 pts. 14 pts.
300
225
150
75
0
[ms]
H
M
M
1 pt. 2 pts. 3 pts. 4 pts.
matrix fitted for every new patient according to the training datatset. In
order to reduce the number of parameters, the patient-specific polar com-
ponent was approximated with a 3D rotation matrix R.
The approximation was compensated through a joint nonlinear optimi-
sation of the rotation matrix and of the 6-parameter symmetric matrix
Ψ from Eq. (6.8), representing the summation of all ablation masks in the
study. This approach improved the initial estimation of the parameters from
the polar decomposition (Tab. 6.1), with statistically significant difference
between the optimisation results and the other two methods (Kolmogorov-
Smirnov test with 5 % significance threshold). The conclusion is further
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justified by the results in Tab. 6.2, which show that the joint computation
of ablation mask and rotation matrix performed better than each of the
components individually. Moreover, it increased the robustness by reducing
the standard deviation across the dataset.
Two applications were described for the validation of the proposed meth-
ods. Firstly, the ablation result following a known sequence of ablation
points was simulated. Tab. 6.3 shows a qualitative comparison between the
resulting simulated post-ablation FAMs and the ground truth. In both atria
there is a good accuracy in determining regions of early and late electrical
activation.
Secondly, the location of ablation points and their sequence was optimised
from the known pre- and post-ablation FAMs and the computed ablation
masks of points previously ablated in other similar cases. Hereby, the knowl-
edge of the post-ablation FAM can be replaced by an artificial generation
or simulation of a desired arrhythmia-free FAM from known ablation cases
in the database. The results in Tab. 6.4 and 6.6 show the improvement
in achieving the desired post-ablation FAM with the implementation of the
binary search of ablation points and its subsequent refinement with HMM.
The improvement can be tracked at each iterative addition of a new abla-
tion point to the ablation chain in Tab. 6.7. The two optimisation methods
yielded a significant improvement compared to the initial computation of
the post-ablation FAM when the ground truth ablation points were used.
The errors in the estimation of all three electrical values, i.e., unipolar and
bipolar voltages and LATs, were reduced; moreover, the standard deviation
was also lower than that in the results without any optimisation. The co-
hort with the greatest benefit from the addition of the HMM stage was RA,
for which more cases were available. These also showed improvement in the
second stage of HMM refinement. However, it can be expected that better
results can be achieved in both atria with larger number of patients.
Finally, the electrophysiological interpretation of the proposed mathe-
matical and statistical methods should be addressed. The pre- and post-
ablation FAMs, which are both ground truth retrospective data, encode
much of the information needed for the meaningful implementation of the
proposed methods. The results presented in this chapter are a first attempt
at describing global alteration in electrical propagation following local ab-
lations using only these two FAMs and the list of ablated vertices. While
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this approach is promising, even more clinical relevance can be achieved
with integration of typical ablation strategies for focal or re-entrant tachy-
cardias [2] and of cardiac wall thickness profile information. Moreover, a
computationally-inexpensive biophysical ablation model can enhance the
mathematical foundation of the algebraic computations.
The efficient and fast relief of cardiac arrhythmias by RF ablation is highly
dependent on good pre-procedural planning and understanding of the effects
of the RF energy delivery at various endocardial sites. Electroanatomical
mapping systems in clinical use provide surface and electrical actvation re-
construction which can be used to determine patient-specific optimal abla-
tion sites. In this chapter, a framework comprising of pre-procedural anal-
ysis of a database of similar ablation cases and of personalisation from the
current pre-ablation electroanatomical map is proposed. The database is
used to build a system of equations representing ablation matrices at points
previously seen in the training cases, to train a regression model for the
alignment of post- and pre-ablation maps, and to define possible sequences
of ablation via HMM.
The methods can be used in clinical practice in two scenarios: the sim-
ulation of a sequence of chosen ablation points or the computation of the
optimal ablation locations given the desired result. The proposed frame-
work represents a novel whole-chamber analysis of the effect of a sequence
of point-wise ablations. The derived results show the potential use in pre-
operative planning. The addition of complementary cardiac wall profile
information and the integration of a biophysical heat transfer model and of
arrhythmia-specific ablation strategies can further enhance the electrophys-
iological relevance of this framework.
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7. Future Research Directions and
Conclusions
7.1. Achievements and Contributions
Cardiac rhythm disorders have been a major cause of sudden death in pa-
tients with pre-existing heart disease, with numbers increasing as many pa-
tients reach an older age and are more likely to suffer from these conditions.
Clinical and technological research and development over many years have
shifted the standard of treatment towards minimally-invasive RF catheter
ablation. One of the most notable achievements was the integration of a
specialised imaging modality into the clinical workflow, namely that of elec-
troanatomical mapping. The instrumentation was also adapted to cater for
and enhance the possibilities of EAM systems, namely the catheter tip is
tracked electromagnetically for accurate positioning and the electroanatomy
is reconstructed simultaneously in real time with minimal use of fluoroscopy.
Moreover, contact force and temperature at the contact surface are displayed
in real time to help the electrophysiologist assess the catheter tip stability
and the effect of the RF energy delivery.
Despite the fast-evolving technology and the continuous clinical research,
the success rate of cardiac catheter ablation remains low [27], especially
in the case of complex arrhythmias and of special anatomical abnormali-
ties complicated by instable haemodynamics, as is the case in patients who
are presented with operated CHD or previous myocardial infarction. In
some cases, the reason for this unsatisfactory outcome is the insufficient
understanding of the mechanisms underlying the arrhythmia, e.g. in atrial
fibrillation, which is still on-going clinical research. However, the major
issues in all electrophysiology procedures are the correct targeting of the
desired ablation site and the effective energy delivery at the target. Al-
though catheter ablation at dynamic locations such as on the endocardium
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and without a direct line of sight is indeed a difficult task, the suboptimal
procedural success can be traced to the inefficient acquisition and use of
electroanatomical information, of catheter tip position signals, and, most
importantly, of experience learned from previous procedures.
In this thesis, several components of an electroanatomical computer-
guidance framework are developed, their potential results and benefits to
cardiac catheter ablation are demonstrated and their possible integration
into the clinical workflow is proposed.
In Chapter 2, the current research in computer guidance for cardiac pro-
cedures and the available technology are reviewed. In an effort to better
understand arrhythmogenesis and cardiac action potential propagation, var-
ious electrophysiological and electromechanical models have been proposed
in the theoretical research. These models are derived from general princi-
ples, but can be parameterised with patient-specific values. However, they
remain computationally expensive and are not implemented in the clinical
practice. On the anatomical representation, inter- and intra-subject shape
analysis has played an important role. A prerequisite for a good statis-
tical model is accurate registration, which in the case of cardiac models
is normally implemented as non-rigid deformation or curvature alignment.
Integrating the shape and electrical activation, the principles and methods
behind EAM are presented and subsequently cardiac catheter ablation is
introduced. Here, the ablation strategies are described, which later demon-
strate the relevance of the methods proposed in this thesis. Two additional
concerns in cardiac electrophysiology are investigated: the catheter tip sta-
bility and the effect of RF ablation on myocardial tissue.
The first contribution of the present research is related to optimal elec-
troanatomical mapping, i.e., Chapter 3. Simulating the well-trained prac-
tice of cardiologists when acquiring electroanatomical data in a patient, the
proposed approach integrates information about the location and the order
of the most commonly mapped points, as seen in previous studies of the
same anatomical chamber. Moreover, statistical shape and electroanatomy
models are built to personalise the computed mapping points according
to the details of the current patient. The statistical models are also en-
hanced by an additional training set enlargement method, which improves
the personalisation results for a previously unseen electroanatomy. The
statistical electroanatomical model is used as a validation ground for the
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computed patient-specific mapping points, whereby the points are added it-
eratively and the electrical data is instantiated. The list of proposed points
yields a better electrical activation reconstruction than the retrospective
list mapped intra-operatively, showing the potential benefit of integrating
population-based statistics into EAM.
Following the improved EAM result, more accurate pre-ablation planning
methods can also be developed. Chapter 4 proposes a further possible fea-
ture of an online computer-guidance system for cardiac catheter ablation
which enables the reconstruction of the tachycardia circuit and the compu-
tation of the optimal points of circuit transsection, both of them applicable
in subsampled EAM for even faster intra-operative results. The tachycar-
dia circuit reconstruction takes into account local tissue conductivity in
order to modulate the cardiac activation propagation speed through the
anatomy. The optimal ablation points are computed again from a database
of previously ablated tachycardias and personalised according to the tachy-
cardia path from the first step and to the electrical activation values. The
results show potential for the clinical practice, as the learning framework
yielded a very low discrepancy from the retrospective list of ablation points.
Moreover, the methods take into account the electrophysiological principles
of cardiac activation and also the ablation strategy of path transection in
macro-reentrant tachycardias.
Another criterion for establishing viable ablation points is the local catheter
tip stability. Chapter 5 proposes an extensively-validated chain of methods
to achieve a global probabilistic map of catheter tip stability. The retro-
spective catheter tip position signal recorded during EAM is decoupled into
cardio-respiratory motion and endocardial slippage, which is the component
of interest. The pattern at each sparse mapping point location is fed into a
probabilistic model and the computed maximal slippage probability is then
displayed as a location-specific measure to take into consideration during ab-
lation. While the cardio-respiratory motion analysis for electrophysiology
procedures has been analysed previously in the literature, the endocardial
slippage is new and valuable information for intra-operative guidance. Both
the slippage amplitude and probability match qualitative clinical observa-
tions of stable and instable areas in each cardiac chamber. As such, their
quantitative values can be included in the decision-making process.
Finally, Chapter 6 introduces an ablation simulation platform which com-
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putes the RF energy delivery effect on a global scale based exclusively on
electroanatomical data. Again, this is performed with integration of prior
ablation cases of the same cardiac chamber, all aligned into a common ref-
erence frame. Each ablation case is decomposed as a chain of multiple local
ablations and personalised with patient-specific parameters. A system of
equations is solved in order to find the mathematical expression of the elec-
trophysiological effect of each ablation, across all patients. While this is
a crude simplification of the ablation process, initial results are promising
and support this novel computationally-inexpensive approach to ablation
modelling. The methods can be applied for both simulation of the ablation
results or optimisation of the chosen points.
7.2. Future Research Directions
The methods proposed in the previous chapters can be integrated into a
homogeneous and robust computer-guidance platform for cardiac catheter
ablation which can be used at all stages of the procedure, i.e., electroanatom-
ical mapping, ablation, and post-ablation assessment by remapping. The
clusters of methods are not exhaustive and even new unexplored areas can
be included in a future platform. In this section, research and technological
trends will be summarised and corroborated with possible extensions of the
methods presented in this thesis.
The proposed workflow is based on retrospective electroanatomical data of
CHD patients. Currently, the accuracy of the methods is highly-dependent
on the reconstruction error of the EAM systems themselves, which is about
7 mm [25]. While this error is managed intra-operatively by the electrophys-
iologist, better outcome of the developed methods can be achieved by in-
corporating probabilistic assumptions and uncertainty models, widely used
in other areas of medical imaging and signal processing [193, 194, 195, 196].
Moreover, the proposed methods should be extended to cater for non-CHD
patients. While work such as catheter tip stability analysis is generally
relevant for cardiac ablation, the proposed methods in the other chapters
rely on homogeneous datasets of CHD patients with similar electroanatomy.
The applicability of the algorithms to other patient groups needs to be in-
vestigated.
In Chapter 3, linear PCA was used for analysing similar electroanatom-
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ical datasets. However, other population-based statistical methods such as
nonlinear PCA or Partial Least Squares Regression should also be investi-
gated in order to reduce the instantiation error. Moreover, based on the
instantiation of a new electroanatomy, patient-specific mapping points, not
necessarily seen in the database can be proposed.
Considerable work has been done in path planning for robotic surgery,
whereby the robot reaches a series of predefined points in a computed op-
timal order. This approach has recently been adapted for planning the
optimal path in mapping point acquisition [197]. A similar planning algo-
rithms or an HMM sequencing methog as proposed in Chapter 6, possibly
coupled with the marginal information measure of a mapping point, as de-
fined in Chapter 4, can be included in the optimal pre-ablation mapping
framework in order to improve the electroanatomical reconstruction from
fewer points.
One of the most important contributions of the thesis is the reconstruc-
tion of the tachycardia circuit in Chapter 4. The developed method aids the
clinician by highlighting conduction paths on the endocardial anatomy and
by computing ablation points along the path. While the results are promis-
ing and clinically relevant, additional depth information can give insight
into the arrhythmia mechanisms and more efficient choice of ablation points.
The research community has been looking for many years at diffusion-tensor
MRI (DT-MRI) as the technological solution for visualising in-wall fibres
perpendicular to the endo- and epicardium. As it is known that electrical
impulses travel along the myocardial fibres [3] and since DT-MRI in in vivo
cardiac imaging is only at its advent, these activation paths have remained
hidden, but are believed to explain much about the arrhythmia propaga-
tion. While DT-MRI might give high-resolution information once in clinical
practice, a first approach could be the correlation of endo- and epicardial
EAM and tracking of electrical impulses on the two surfaces.
In the light of the above, many electrophysiological and electromechanical
models have a component of fibre orientation in their framework. While the
electrical propagation and the cardiac action potential shape can be person-
alised, current models use general fibre orientation matrices, derived from
previous ex vivo experiments. With electroanatomical data available from
endo- and epicardial mapping, the fibre orientation model could be adapted
into a clinically relevant component of the tachycardia circuit reconstruction
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method.
While already anticipated, one of the first steps towards method integra-
tion and interfacing is the merging of the point-wise slippage information
into the computation of the optimal tachycardia ablation point, thus extend-
ing the work in Chapters 4 and 5. The sparse slippage amplitude would be
interpolated over the entire anatomy and thus the values for points along
the macro-reentrant tachycardia circuit would be available. This slippage
can be used as a fourth feature in the classification algorithm, alongside the
LAT, bipolar, and unipolar voltages. The points with easier stable position-
ing would be preferred for ablation.
Regarding the catheter tip stability analysis, the mapping points acqui-
sition can be optimised by predicting, either from a database or from the
already recorded points in the respective case, the positions at which there is
a large difference in motion pattern compared to neighbouring points. This
is suitable for curved regions, where points within 15 mm distance from each
other might move on different trajectories during one cardiac cycle. Also,
the slippage pattern might differ due to papillary muscles not visible on the
EAM. Moreover, the mapping optimisation algorithm would indicate where
to pick more points in such difficult anatomical regions.
On the hardware side, a new improved catheter with microscopic imaging
can be developed in order to visually target the ablation site. One of the
challenges here is the development of a complementary computer vision
software tool that could extract features on the endocardium and be able
to track it despite catheter, cardiac, and respiratory motion.
While the proposed methods in Chapter 6 are a novel approach to ablation
modelling, alternative approaches to the computation of the ablation ma-
trices and of the optimal ablation sequence should be investigated. Firstly,
the proposed ablation matrices describe the changes in electrical parame-
ters only suboptimally due to the reduced rank. A method for computing
full rank ablation matrices should be developed. Secondly, the objective
function and the binary optimisation should be adapted due to the current
risk of local optimum.
The ablation step itself lacks in real-time guidance for the assessment of
lesion formation. While the present thesis proposes a flow of methods for
quantifying the effect of RF ablation, it does not provide local information
about the depth and shape of the ablation scar. Currently, cardiologists
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guide themselves on the display of local tissue temperature and impedance
measurements from which the ablation result can be inferred. However,
there is no automated interpretation of these vital parameters and the as-
sessment is rather subject to clinical experience. Further possible param-
eters of interest, which may be computed from an integrated personalised
biophysical tissue ablation model, are depth of scarring and lesion profile.
Future developments should also include considerations about a collabo-
rative adaptive computer-guidance system that meets the needs of novice
and experienced electrophysiologists alike. For example, the computer as-
sistance can be personalised depending on the operator skills seen from
the catheter movement. Despite the available retrospective electrophysi-
ology studies coming from the same interventionist, a qualitative catheter
kinematics analysis showed several sections of catheter orientation insecu-
rity throughout the mapping procedure. Further investigations will show
whether these outliers are reading errors from the electromagnetic coils or
actual difficult stages in the procedure, for which software support could be
reinforced.
An important aspect of all the ideas presented in this thesis is validation.
In order to have clinical data and feedback, a close collaboration with the
experts is needed. Moreover, thorough experimental validation is needed.
While a first heart phantom for the catheter tip stability analysis has been
already created, a more advanced version with actuated pump function, as
well as with more realistic pulmonary and diaphragmatic motion, should
be developed. More importantly for electrophysiological studies, electrical
stimulation should be incorporated, even at simulation stage only, in order
to better validate the inferred results.
The ultimate goal of the proposed research and its extension is the clin-
ical integration. The methods in this thesis were based and validated in
retrospective data, but even more clinical value can be gained from in vivo
experiments, towards which future developments should strive.
7.3. Conclusion
With increasing numbers of people suffering from cardiac rhythm disorder,
RF catheter ablation as minimally-invasive treatment remains a priority for
clinical research and technological development. In the past decades, ma-
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jor advancements have found applicability and integration in the catheter
lab. Most notably, EAM has emerged as an imaging modality specific to
electrophysiology procedures, with abilities for real-time simultaneous elec-
troanatomy reconstruction and catheter tip position tracking. Much at-
tention has also been given to catheter tip stability during ablation and
to easy access to the ablation site, both benefits of remote magnetic nav-
igation systems. However, ablation results are still suboptimal and this is
largely due to the unused intra-operatively available data and to the lack of
electrophysiological knowledge from previous cases.
The research presented in this thesis contributes towards pre-ablation
EAM and planning, intra-operative guidance and post-ablation assessment.
Based on a statistical interpretation of electroanatomical in a homogeneous
database of electrophysiology studies, mapping points are proposed and an
accurate EAM of a new patient is generated. The map is further processed
to reconstruct electrical activation paths and to compute ablation points
of high efficiency in terminating the arrhythmia. The choice of point is
also influenced by the local catheter tip stability and can be reiterated with
a simulation platform to visualise the effect of ablation at the targeted
sites. The results presented in this thesis motivate towards the integration
of these features and of further population-based and probabilistic EAM
and ablation models into the clinical workflow for better understanding
of patient-specific electrophysiology and thus improved catheter ablation
outcome.
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A. Appendices
I. Image Re-use Permissions
I.1. Springer Images
The images replicated from Springer have been referenced according to the
following format: c©[year of publication]Springer[citation to original article].
Individual licenses for each of the reused images have been obtained from
Springer.
Figure Springer license number
Fig. 1.2 4171500468244
Tab. 3.1, 3.6 & Fig. 3.3 4171500855213
Fig. 4.3 4171501185926
Tab. 4.1, 4.2 4179390240791
I.2. John Wiley and Sons Images
The images replicated from John Wiley and Sons have been referenced ac-
cording to the following format: c©[year of publication]Wiley[citation to
original article]. Individual licenses for each of the reused images have been
obtained from John Wiley and Sons.
Figure Wiley license number
Fig. 2.4(a,b) 4171490666967
Fig. 2.6 4170910449783
Fig. 2.7 4183681495551
I.3. Oxford University Press Images
The images replicated from Oxford University Press have been referenced
according to the following format: c©[year of publication]OUP[citation to
original article]. Individual licenses for each of the reused images have been
obtained from Oxford University Press.
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Figure OUP license number
Fig. 2.8 4170911191817
I.4. Wolters Kluwer Health (Circulation) Images
The images replicated from Wolters Kluwer Health, editors of the medical
journal Circulation, have been referenced according to the following format:
c©[year of publication]Circulation[citation to original article]. Individual
licenses for each of the reused images have been obtained from Wolters
Kluwer Health.
Figure Wolters Kluwer Health license number
Fig. 2.3(a) 4171490442557
Fig. 2.5 4307740016854
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